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Tbic is to oertlfy tbat th« aatorlal oontftiiiad 
in this th««i« ia th« original vovir of ^ . IBatm <taua 
omrriad out uadar qr aitparriaioa. In ir opinion tba 
thaalfl io attitdblt for aid^sioaion for tha mmvA of 
tha dagraa of Pootor of Fbiloaophy in ^atistioa. 
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IA th« pr«9«iat th«il0, entitled *R«-norfli and Son* Oth«r "^Awufm 
of XnforMatlon%8iibaitt«d to * Tho Allgarh ifttalJa UniTerf<ity,Alli^z4&« 
to 0upplloat« tho dtgr«o of dootor of phllonopbj in statist lo« m 
haT<t dealt «lth and adTaoood it further a quite recent topiOtoaiielj 
* R-nom inforwttien neaeuree "wtiieh hae appeared ae late as 19B0 
for the first t lae . Ve hare aloo dieouemd *inforaiation i^ iTOTement 
meaeuree* but in a leeeer detail . The research oontained in here mar 
be regarded in i "^  ' to the opinion of Boetote and I«i2bbe (198)), 
** la addition to tho well<->kno«n Information neasures of f9iannon , 
Rei^i and* Ravdra and Charrat w hare ooneidered a fourth neaeure 
whieh we oall the R-nom infomation maeure. As a 
oonolueion we retaark that this R-nom inforaatlon aaasttre i f a new 
neasure for whioh i t i s worthwhile to oonsider further properties. ** 
In ohi^ter II we have givoa different eharaotorlBatione of the 
R*oorgi eatropj, and also sons of i t s properties* The rosuite given 
here are oontained in a paper whioh i s to appear in Journal of 
Stat is*: in al Reeearoh. 
The idea of R-aom information has been generalized in shaptiir III. 
( n ) 
Th« i<«8ul«;fi glvtn h«r« hasrt b«tn pi^liiih»tf in (Gujarat StatUfsloal 
Ih ohi9t«r IV, th« ooneept of staiiuiw of inacouraoy ha« baan 
aietandtA to Ti-iiom Inaoouraoy «aaim7t« Tba n^aiii vaaulta qeottd tiara 
fovsfl a part of tha papar «hioh «a Itava oitad in ohas^ tar II. 
"^ha matarlal of sha^ t^er V ip rath«r Inoonalatant with our «»la 
raaults of ohaptera II*IV, K«r« a naaaura of quadruplat paraaetrlo 
non-*additi^ inforaatlon lisprevatMnt la atudlad, Tba rtaultn glvan 
hata haw baan ooa««ttiiioataa to Journal of ^thaoatioal and Phy«lo«I 
Throughout; It haa baan tha «alB oonaldaration tha«>, tha 'nai^ tar 
la olaaTt alaplat pz^olaa and «r«taaatlo. ^ « It i« for the r^adars 
to judga tha aaitant of aueoaaa In tha anteaTOur, 
X 9m •ztvviitlj iiiAi^t«a to DP, «^ (?• Khattf th« •»-li«ad of tiM 
dfpavtatiHf Mi« Dr, 9. Attiwui, tli* pvtMBfe obalvaaa« dcpft«twiBt of 
•t«lii»tie«, *Tli« AligftrlL Ifttslla cr&lY«r«lty»Aligafli* for pfOTiaiig 
ao tlio Booomwqr fas l i l t loo for oonrlng out tbo rooooxch o«i)o41oA 
In thlo thtolo. 
I on portioolorlj grotoful to ir« $l« Z« llifm« or voooovoh 
mporvlnort Aopftrtnwat of otAtlo^leOf *7bo illgexh !fii«tla ITMToroltyt 
All^ oxti* for hlo bolp and gulAaiieo for oo^^lotloa of thl9 worlc. 
Of BMOvotta noil vl^ioro iAio« X ooo m itibt of grotltodOt I vsolA 
lllBO to aoBtloB tlio nnoo of Dr. A, R. Kham %• % K Ala« ( both 
pfooontljr otrvlag al Al«fat^ triilTorolty» lilbjra) anA Prof, Kr, Khalll 
Aliaaa Xhaii« dopartvoat of olootrloal onglotorlogf '"Fho Allfarh itoalla 
UnlvoroltyfAllsaxli* for thoir taolp anA onoo&iagaK«Bt. 
X alio oxtoAA w gmtltoAoo to v follow roooaroh aoluilare aaA 
frloaAo for thoir onoooragewBt to porouo tho roooaroh work, fhanko 
art Atto to tho mivoroltr Oranto Oo«alo«loa (XkiAla) for oup port lag 
tho voaoandi progiounii* 
( n ) 
Abov« all» X on lit piy 4tt« rf»8p«et to iv parantci and nei^tm 
of th« family for tholr lov* anA afftotlon that I oonnlfitenlly 
T«oalrad* 
I Ml also thankful to Ir . Saf««a Alvi for tsrplni; ttit samiaorlpt 
of thle thosia witb gxvat oar* and dilig«not« 
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JKW^^SBM flg IHI SCMSqg JM 
•f el!filiB«tioii «tf« mtmgtmA «Uli tte •ftvaao^stiit la tti« f 1«U of 
•me& oMiprisiag ^» fflu4r 9f th» natirvi of 1«« tma«Rii»fiioa« 
•««(r«9« and ts«ii«ronutt ion tto, A Mttbuiy later %1ia «alv»raalltf 
anft l4porta»« of tha ooaoapt of lafovaatioa aaa roallaad aaA tho 
I»viA)lasa ta V^iM aonaootioa vera tliov8lti% of aaalogeua to that of 
•ati^« laavfiT aiir bo aoawooA qaantitati^oljr aaA ao alao tha iafoi^-
ant tan. foAaar lafor^iatloa thaoiar la ona of tlia ** in ** at^Jaeta aaA 
tlila iBelotea the j^ voiblania aaaaaotaft vitli lihafwav It lf« aanaSble to 
nm tha aar4 * iafezwitloa *, 
Tha f ival IflNwatlgatlaa la tbla aifoatioa iiaa oylfiaatad la a 
oataal lUoatpatloa bf dUaalaa (1864) aa a ol.aaaleal. aatvanr of 
a «rataa with aaiHPV«^i*l^U«la oaaaapt* BoltaMHW (1896) aaa 
tha flrat j^ araoa to aaphaalaa tha prabiflftllletlo aeaali^ of tho 
elaa^laal aatv^ QT In thavao^rmnloa aaA thua ha anat ba ooaaiAtfoA 
aa tha ploaaor of litfovialSoB thaoiqr^  X<ator aa l^qalat (1924) aaA 
'.n^'i-
( 2 ) 
BsvtUjr (1928) p^AgniMd «b« Ufarltlutio fovH to «•«•««• ( or 
to oeapoco) tlM oapooltloff of tho iQrotoBo ia oownmiootieaei 
ee xii. ' e ^ . fltonfloii (1948) polBtoA o«t tlMit a lorgo olaoo 
of pvotolow oonnootoa with oBooAiQit tvoBoolttiiis onA Aoooaing of 
iflifo7«o%i«i 0*11 bo < »^:«ooelio4 ia a tflrotooiotle and Aloelpllaoa «or. 
siiwuioB la hl« too f unAanoatoI paporo propoooA oKtroaoljr oiovlo 
logarltlHile Maonso of tbo anouBt of iafomatioa on^plloA hf a 
pfoHiKiillotio o«orS«oBt» baooA oa Bolt8MUia*o oatvopf* aoa proridoa 
a aeiiior of vovy goaoral vtoulto whloh rfMnod tlio importaaoo aaA 
a^llOiillUtj of tboao Invootlgatloao la oovMuHoatloa tfaooiy. 
Stiaanoa*!! thlo oploaAoA ooatrfi^utloa «ao ^N boflaalag of aa ova of 
tlio applloiibilltjr of tlio ooaoigpt of iaforaatioa ia saagr fl«>lAo of 
oto«3r« 
Dor lug tho loot tbioo and a balf dooaaoot tho iafonati'^a 
tlioovy Itao attvaotod tho roooarohoro world wido aad it« litoratoro 
ia gvowlOK loapo aad hooado. mm of ito toxslaologioii owa h«ro 
booooi part of onr daily laagoago* Tho otib^ot hao now dovolopod 
to Mioh aa oattoat that i t ia hoiag ai^liod ia waqr qeito diffoioat 
diooipliaio ottoh aohiolosr* ehoslotiisri oyhoraotioot oooaoaieo« 
( 5 ) 
•to« It «oolA a»t pMfliAps b« ottt of pl«M to fsootloii our oestFl* 
bntloiio to OAtivpr ABd otatiotloal stmotaKo of t?vAtt laogwgo aaA 
•Ittt lot leal ooologr^ 
Tho ooBferfbntlcmff in tho fonwr «aA la tho littov f ItlAo haw 
«PH«x«d la QiMk« Xljrao «iA Sisd (L9B4) oaA nanAf Kluui onA QUA 
(l984),foapootivolj. 
xa tho ofto^ r of thi« Aioolpliat m for tho foUowing thoorloo 
iMro ooai into l i i^t ; 
(*) ?^*#<,liitito TlMWITi '^lo tboovj lo wvgf fonUicr wAmm tbo 
ofttvopioo •«< otiior InfonwtioA atooofoo «ro otippoooA to aoponA 
OOloljT OpOB tllO PX«I>A l i l t l o o o f OTOBto* 
Cb) »HMHlrttiilUt>tlO THiilX# ^ tblo thooisr tlso wooosroo Ao a»t 
AopOttA p^oB tlio pxobdb l i l t loo ot oil but dlvootly I^OB tlio ovoBto 
thottotlvoo. 
(o) ?ftia^ lllftaif I 7blo thoofgr lo aow oaa 1« oa aaol««Bation o'-^  "-.he 
pxibd>lllotlo oad BOB-psobibllletlo tltoorloo. Htro iBfoTsotloa 
MBOBroo tepoaa upon ttio oToato oo «oll ao tteli» pve^idillltloo. 
( • ) 
quit* vmn^f m»tht&r iat«xaAtiv« thaofsr 9^ infonuitioii haa b««a 
««r«lop*d within tbi> fSWM «ork of i^Mufbililar tti«o«sr. It hmB %MB 
•••n titat thla saw aeaa^t of infonMtioa ia eoaaidovoiblj mm 
•ooaiaKfol in aOM aitaatioaa* 
fhmm 6aj9 tho lattar tm tliaariaa mmt to gai&iaB gxaaad* 
?lia Toaulta o^itaiaaA ia tliia ttaaaio art ia ooatioaalioB of 
voaoaieh aa prcibdbiliatie tboory of iafovaatioa, Xo tlio anbaequook 
ooatioaa for olaritr* bMrltr aaA roa4tr rofowaoo «o glvo a ^lr4*9 
aro vioif of tho oQBoopta aa4 aalorial madaA oaA xolonuBt to aaoooo* 
iias oiiaptirfi* 
l«2 . l . iaaagg4IM!a-JllCLtaroamiCT* it «o ownqr oat aa axpovlatat 
B tlio poffolblo oatoOMo of abioli aaro E^ *^*.** B^ than thia axj^ri* 
aaal pvorldaa aa aoaa iiiroyaatioa« via* ahish af tfai ovoato 
l^( i • lf,*.» a) haa OOOQMA and tho oaoortaialf ia i«novoa. Thoa 
«o oior that tho iafovaation «o got hy pOffo»iag aa oxporlMtat 
eeitaioka in sawTiag tho nnoortaimr whioh oxiatod hafofo tho 
asporiaoot, 
fho lavgor thia aaoartaiatj* tho groator tho iafoinatleB 
( 5 ) 
c(bt%lii«4 by T^mrim i*m ^ i« eoii-f<tni«at to talDt InfonwtUB 
import ionftl to otttvofQr» tlio eoii#t«at of psvportionolity lo tokta 
fto oaltr f^ ^^ ^^ •^ oosfoiilottoo* 
ft«o oo oooA tho oMio thlag oboa «• BOO tlio ox^moolon'oMttiH 
of lafenmtiiiii proTldoA hf m oi^orivoat S * ov * tbo onoortolatf 
of on oxporiaoat %* or *tlio oatioir of !*• 
?lio Iflforvotioa aoooeiotod with a oinglo ovoat lo rofoiroi to 
ao iiolf lafoxMitioit oad oil «o dioeooo lo tte oforoit otlf liifor«-
•otlOB, lotttoa.ljr thlp aarovogo lo known oa *aifovaso OMOnaft of 
iafoxaatioa* or *o0p«rago iBiioraatlOB* or 'aaotiat of lafonaition* 
or oroB JBOt *lBf>or«atioB*. 
i.2*2. s«w<ffl'ff ifflurrm %mwt MP m ^mmMimsMm. xot % 
bo a Aloesoto raatoa •ariife&o aoooilag tbo TiaBOO x^i..«t i^ ^ AaA 
ooaoiaor f laito aoto of al l eoim»loto prob^UHr aiotrlb«tleBo,i«o« 
wboro m * <tt29»«» • 
fbo aoot goBorai tjrpo of oatropr foaetloa aaooelatod with 
( 6 ) 
^ • (Px****« J^ ti^  * *w ^ ««^ i«>»«» with an ai^ltr^qr »al-^»lii«'« 
ooao«v« ftmotloa f (*)» bjr 
MM 
^ 1-1 * 
Ov« witti a ooAtineout fltovaaalog fttoetioR I(«) on tli« interval 
(0,l3t with tlMI •XpiPOfWlOB 
l^(P) - £ Pi !(?£>• . . , ( 1 . 2 , 2 ) 
f^ luuinon oirigiaally d«f ImA th9 atttx-eigr 
l\j(P) • - £ P£ I0S2 94 . . • (1 .2 .3 ) 
vlth t l» oenrontlon • Ing^ • • o. TbU aM«M« tim miAitlym 
i\^(p • 0) - ^ ( p ) + a^Co) . . . ( 1 . 2 . 4 ) 
fwf P • (Pi«*..*P9) e ^ an« 0 • (q^t . . , , ^^) € 6^ ^^itmm 
P • 0 - (Pi<lx«»-*»HV»**»'^«^»***» J^ w^ ^ • W '''*^  •»•»«»• 
(1,2.5) in ri»w of (1.2.1) and (1,2.2) gliroo an laoa of mm 
pvopovftjr ana «bo O&BDU arltii'Wtio ftvorago of olosontazy (tttlf) 
oirtvopit fi; foopoot Ivoljr, 
(T ) 
VwiUwM otfUTKim w/tmU^ h9m9t9v%tk m v l l l taloi log to tb$ 
b«M 2« 
9(»iia»B himmlt etuoaot^rlMd (l,2«5) by aMnmiHK « mt of 
p9itiila«««« Aft«nftti^ othtr ]MiOf)l« aleo oliA]!«ot«rl«td (l«2,3) by 
taking aaotbwr mt 9t pogtBl«t««« 9ia»nAi aiui %Z«oa 0-960) flr«k 
<Maay«B««rii»d ^uuKioa** •atfopy thxvinii tb« fUBotloiiAl •quAtioii 
m m 
!*»•!• en ( • a i a i (1964)« 9— «iao Tv»vb«xf (1998), fnmtA a 
fM9ltonal aqaatloft 
f (x) • (l-«) f (—) • f (y) • (1-y) f ( — ) t . . . a .2 ,6> 
«li«ra x«7 e ^ , l ) and x ^ jt l« by ooatiAapiag tha axiom 
K|^  * lat 92^1*^2^ "'^ %(Pl* »£# 95) ba vaal ^rv^mtria 
f«B»%loa« la tba ragloair 5^  ""^ 3^ ^ canpaa%iTaly« 
Kj ; lat ^ aad H^  ba MaatetaA by tba falatlaa 
(8 ) 
Bqtuitioii (l*2«6) giv«« tb« idaa of ^annoii** inforaatioa fiiBDtioR 
r «9c log X- ( l ^ ) log(l-«) if z e (•»!) 
f ( i ) - 1 . . . (1.2.7) 
«hl«li l««aii to ^0 idoo of KtnorollMA Shanooa'o ontx i^or ondor tbo 
tiotadaqr oonaitiefui f(o) • f (I) » o ond f(1/2) • I . 
rov tlio lafoxntttloA fi»Mtlon an dofliMid Hy (1.2.7) tbo oiitFepr 
ooooeUtoA with %hm pvo\i9itilitf Aittrfbution P is d^iaod by tbi 
itefo o^ * Pi ^ ••• '*^  P t^ 1 " if**** « (oM AoMl «fid DaroQi^ (1979))« 
Frrther, let 
^ - l ( H . . . . , t . ) : *ii«t^^ n i ! ] • « - i . «• ... 
bo tbo f iAlto flOto of al l inooiiploto (goooir«Uy Icnovii «o goooY^ollsod) 
(9 ) 
pv«toi^ili^ dittrftiitioiui. for P • ( p ^ f o p.) « ^^  ^^^ 
(1961) liitsoaiie«d and •xiomit loalljr eli«f«0t«rlMd tti« «atiopy of 
ordov I 
HJ;(P) » " £ PSU$ pM / Z p4 • . . ( l . 2 .« ) 
ftBd Of ovdop a 
l 4 - ( P ) - (iHJi) log ( 2 p?/ £ Pi)t (o > o : | « 1 ) . . . (1.2,9) 
»•« 1*1 * l - l * 
oil toil axo %ho goBox«lis«tlo&o of ^aanoa'o oiitxt»p7* '^ tio oittfopsr 
(l*2*9) h«« ttio teoolo (X«2«8) in ooao a - 1, 
Siptir (l967)t for PC a^  , onggootod the typo ^ oxtonoioBo 
H^(P)»- ", p f l t f P i / " p | .•.(1.2.10) 
BlJ (P) - (W)'"\og ( ? p f ^-V ? P| ) ...(1.2.U) 
»»»* i-a * i"«i 
of (l;2«8) and (l«2«9),foqpootl¥o2rt OIMIW a > o » } i < l « 3 i l a i i d 
£ pf ^ I* Kopur luMi 0 9 l A l a i d tho oignlfioaaoo of tho pomnotor 
**» 
P. 
Fiirtli«Pt liion P t «{^  , So'-.lilo (1970) iAtrodeood mf ioMnO. 
( 10 ) 
elft'sof •tArofff fw»«loii«t eantainlBg (1.2.10) and (1.2,U), 
» ' * ( ? ) - • S Pi^ log Pi/ S Pf^  . . .(1.2.12) 
HL. (P) - a-a) Us ( t PI * / £ pr ) . . . a . 2 . l 3 ) 
with « > e« ^ I» t^ l 2 1 wa t )^ i i *^ 
1.2.3. MmMmiSJLMmjmJm* ^^a** •n* Chawat (1967) raalUtft 
tha aaaaanitjr of iiea««ftaitiim anlrepy anA tbi«» for P e fi,, !•« 
thea to 
H^ ^^ p(P) - (2 "^^) ( • p f - D . C P >o : jf«l) . . . d ^ . U ) 
vhSeh thaj oall ** atvaataral aatroigr " • bat lata? 16 oaaa to ba 
known an "antrainy of typa f ••. 
?hia aoaaoro alae ateitit tbo propoity (l«2.l) otioB 
f (p) - (2 " - D " (P -p). (r > o : f' I ) . . . ,(1.2.15) 
It ai^ bo •orlfloA that tho aoaaaza (1.2.U) aatlafioff tho I»B» 
adftitliv lalation 
( U ) 
1*0 obax*(3ot«ris« «&• •nfen^ ar of tjrpo i^  B«titt»i moA Mth (1973) 
tt«NI thB tt(m-«dAitii« MA fra prapovtir of (l«2,U) tm noilf loA 
tho foBotloaol o^oAtloa (l«2.9) %o 
* t tUtj*> t t(M»)* xfOr^HkE f (E-) X fOr*) . . ,a.2aT) 
«i%li oonotaat 1c )^  o« WOmT •orio&o OMiiMiptioiio en f (») aai «fB 
tl&lo oi^ootion hoo ^oon otooAi^ A by maaw 9%hmt pornofto, 
Stiaz<iia aad '^^tal (1975) ooafltioaBoA ttio iAon of aoA««aAi«:iTltr 
vltli s%mT(ItmA «taii-i^«l.iio pvopor^ (of. ^ i r i (XSSI)) OJ^ i«ro 
tlM ttXlflWltlO fOOOOaim to OFPiTO «t 
Ilj, (P) - (2 - i ) (2 W * ^ Ji) ...a.2.l8) 
• • ^ . V , -^»^ V-* r . • « ( P - l ) / ( « - l ) _, 
^ ( ? ) - C 2 - l ) C( 2: p« ) • ^ ] , . . . a . 2 . l ' 5 ) 
for P « Sg, t olioro «#(? > o» 9< 1. 
(12 ) 
Sti l l AfiBttiftr gciiRrftlls«ti9B« of iioa<-«Adltiv« •ntsopUe h«r« 
b««ii obtAiatd t>jr Tarlotiff author*. 
1.2.4. nrnfhmmm ^aaacsimaii* ?i»r «ooiitiiiiK>oa s«ai. 
•alnod 0Mkl«r ftmetioa !(•)* with 1(1) • o» Aoflnod on (Ofl} 
^riaioto (1971) IntvoenotA jrot aaethor ioaoml el«m of Inforaatloa 
fMiMUioii g l T o a b y 
H*CP) - laf ? P^ i(q-) ...a.g.ao) 
nlioTi tho ^ortttloo laflaun is tok»a o^ ve^ rali probability aistri-
batioBa Q - (Q|t...t Q,)t Q|^  > 0 and £ g^  • 1. 
Haiag tb* aquation (1.2.20) and tfaa alaaaatary infonation 
ftiaotion 
R (fUl)/R 
Ik) - y q ) • ^-- ( 1 • q ) . (H > o : >« 1) . . .(1.2.21) 
Boabaa and Lvbba (1900) arritad at, tba ao oallad **li«-iiosn lafor-
aation aaaaora **, 
far al l (pj, , . .« p,) < ^,. nil* laaaiit* t« paaiite-«aditlT« la 
( 13 ) 
anlttvft, M^tat frfti wmid^Ting v«riOB« algiteralo and analytioal 
9i«p»Fti»ff %\mf itovtd it it •p*>lioijbilit7 lit wtatlfltloal inf«i«ao« 
•AA oedittg tlMMiT* "^ ^^  t^nosv infocvfttlOB wt^trnv r«AttM« to 
S^ ppoM an asparlAaBftar a«MVta that tb« probaliilitias of tha 
•vanta B^*«.., f^  ara 0 • (q|^f,..« q )^ e \ | ablla th» trua 
piwteaVUitlaa axa P * (P|^f«..t p,) ^ &^« ?iia aiiaarlaA prebabllUiat 
aay oatorallj "ba Aiffarant fre« tte tfva oats an tba follow lag t«o 
aaaala : 
( i) ttaa aralliflblo lafomatlan mgr oat ba aooti^ ti anA hanoa 
tha atatasMfit aajr ^ Tag'ue and 
(11) baeaaao of afoag lafoxvatlon tha alatonaiit ^nf ba iaoarraat. 
Stirldga (1961) haa gltaa a aonoapt of laaoonraojr ahleh ttkao 
lata aaaamt boiih thaaa aopaota. Hr P« o e a^  tha fiaaaara of thlo 
liiaoe«f«agr la foTamlataA via 
^^^•°^ • - ^^ Pi ^ Hi- . .•(1.3.1) 
( u ) 
p^ 9lm In swro «iia th« eonrvntloa o log o » o i t f oUowwA, 7li* 
•UMPOMlon Cl,3«l) o«a b« writ ton M 
• I\,(P) • l , (PfO). 
XorrUfi ««ll0 «li« wooad ttm» naMljr ^(P»Q) ** loftoonxttcx of 
• n o r * • ObTloiioljry iiN» p^ *" ^^ tor oaoti 1» I ^ ( F ^ ) • o and tlioa 
tbo Eorrligo Snooonfoosr U nothing but ttao onftfopy AM to Shoanon* 
Thtto ttio iDtfTiago iBooooroflgr io o foBtrtlliatloa of !3iAiifioii*o ootfopgr. 
Sivriago hiaoolf gavo oa oxiOMitto otioroe tor loot ion of 8 (^Ff o), 
Konmippon (1972) Iwo ^mane toriooA f^rriiio'o iftocomnaey thfooi^ 
%lio fBBo^ionil oqootloa* no oa ostoMioa of (l*2,5) in too vapiiAtlooi 
" t t^slAU.r.y^t f6i-•,«.)• £ f^oT^) • • . a . 3 . 2 ) 
• a n a 
for x-t »n •«# y* 2 o OBA £ Xj • I • Z y^t ^ «« 1 l» £ v*! I 
* » J 3 1-1 1 J-1 ^ i n * J l ^ 
•Bdor ooitdblo booadory and ottaor oonditioao* 
XoMooraflr aooovro too to Xorridgo tmm oiaoo booa oliaroet«riiod 
( 15 ) 
Slid «xt«iiA»a t>y mm P«opU. la parlisiilar mmSm (I9t0«) for 
IfuiOi^ Ut* pf«li^lll%y Al«ferlb«itlofi« P ana Q 0hi»*@tet«ris«4 tte 
g«iitriillM€ «Mitif« iJMooQzsar mMnam 
H. *^  (F;O) « • ^ Pi log <li/ £ P| 1^ i If 2 Pi 1 I . 
W ^ ^ - ^ *-^  ...(1.5.5) 
flij,i,(^»Q) " Cl-a) log £ P|tf* , (a > 0 : f« I ) . ...(1.5.4) 
ill«ra ^MWi (1970), In OMW P ttoA Q 6 &^« o^taiata a g«iitittllsa«Soii 
•f ^ ( P ; Q ) ta «ha iiiaeetivaflgr af evAar a %r tW axpraaait»i 
Lag 
m 
Wbaa « -•1 t (1.5.4) Ii^»a I^ CltQ)—*ha laiprldga iBaoaox^er. 
Feitbar* natbla and Kaam^ l^ aA (1975)• tliai^li etlw/a alaa 
dlaaaaatA it* atodlad tlia tjrpa p iaaoaosaesr 
\,p(PtQ) - (2 * -I) (J^ Pi^"^ -4)» O > a ri"* l ) . . . . a . 5 .5 ) 
•axr faoaat^ jT Hum and ^Mad (1964) axtandad tha eoaoapt af 
E»aaf« anbfapgr ta i«<4iBni laaaoimMr witli tha foraBlatloa 
\,!l^ ^»«5> • ;:5[ L^*^l4 ^i^l ^ J.CS > o: / 1). ...(1.5.6) 
mutimi^^ (1.5.6) iadMaa Karridga inasotxra^t pirovldad !t -»1« 
(16 ) 
ShAR wia i^ lmi^  (1984) aAopt^ A a prgtgmttio i^ pro@oti to eetaliligh 
tli« fvlatloaaliip b«t«««ik tli«lr fo7«ol«tioA ana tli« ooAini! th«oisr» 
1.4.1. ISIQniATCT «4f^lM,'?,.m,g^lll.a%l* Tb«r« in a let 
%a««»aii lafozvatlen aaaauvt* aaa oedtffg. f» b^ia vitli^'ilmanoa baa 
livan far a nolatl^aa ebanaal tlsa following eodiz^ ^aoptn ; 
l#t 
M?) « £ p- ft- . . . (1 .4.1) 
t»a tlia avaraga oada langth, aiiara p^ la tba pre^abllltr of 1th 
l i | ^ (nr«i>ol ana nj^  la tlia langtH of l«b ooda vepdf than for an 
iaatatttaatoaa ooda aatl^ iQrlng tha nail icno«a tmi%*9 imq^ity 
2: D 1 I . , . a . 4 . 2 ) m 
1MI htm 
I.(P) 2 - I p^ l«»nPi . . . (1 .4.3) 
1»1 
aliaxa t>( ^ 2) la itia alaa of oodlng alpluOMt. 
ftm tliaevaa in affoot atafeaa ttialt tlia m%mm ooda lai^tli a ^ 
ba saaa atblti^arlly eloaa to - X Pj^  logj^ Pj^  If worda aara -^altably 
aneadad. 
(17 ) 
A ^ Aim thm9tmt ianlrim H«qrl«« (I9$l) •ntxvpr •t er««r « 
ft Bft%«r«3. Mxl tmtik oo^ l^fttftA by OftqpilNiU (196$). Afterward 
tfthmt ^a«i«llji«d nanltst InreWing •ntropitu of 0f*d«v c ftiia trp9 
iP^Sf WT9 flibtftifMa by i»ftoplft voUtlAg In tbi« fts«ft« A aoti^lt point 
in tbo prooftss bfts bo#B tho iBtzoaoetioa of gonorallsod cote loagth« 
diffoiwBt tmm Rfttbit (1970), AM to Sito (1980). 
MOrt vooontljr, BoolMo aad Luibbo dof laoA tho tfrorogo loagtb 
^ jj -tt^(R-l)/fi 
I^(P) ( U E p. D ) , ( n > o , I ' D . . . ( M . 4 ) 
of oodo oovAo with foipoot to tho H-oom infomatien noaoozo 
(l*2,22) and obtainoA tbo (Of^timm oedoo for (U4«4) oatiiit^iag tbo 
Kraft *o Ifloqoalitjr. For H •• 1 tho rooult obtalnod by Bookoo and 
LiA»bo braves itko Sbaaaoa'o oodlas thooioa. 
OBlaon (1977) hao gii^a a briof aooooftt of applloatioaa of ^^ome 
iaforaatlon »oaooro« la oodlag tbooiy aad othor fioldo of otodf. 
I .4 .2 . mWmkJmSiM3kIIXJS!M&» By oaployiag tbo idoa of 
SjiaooBra«Br aoaooroa, tbo rotation botnooa nolwlooo oodtog and 
OBtr^loo baro fbrthor btoo onbaaoAd. Si^ poflo that tbt oodon with 
( l e ) 
mr€ l«agth« n.^ hmym 1»««D eofi«tvftot«A Aeoardiag to MNH»ift«< 
( i ,« , ^mmA on p«r«oaAl «iri»««int»l) pfobal^UUiefl q^ ^^mmtt 
th» tvm px«ibaibUltl«0 tarn p^( 1 "• It«. . t •)» ^ ^ eodts •osti 
o»iitt«aot«a m ^ l l«d ptTeonal pnitaibillt/ <iod««. n b«ooai« not* 
•f fittl«iit oodiitg iiiwii tb« prfltibilltie* AM tmmrt^A oerrootljr, 
Ktrrldflt ••tiA»ll0li«a tb* z»»tiU tflaiUr to (1«4*3) taking n^(P;o) 
ia plftBo of H (^?) for poroonal prflfeiliility oo4oo» 
l .5. l« mfil^AfiSal£i&J^aJlS.l^ mippoM in tho 
light of an oKpovlaottt («• isoont of tor titlcing oboerrotioos) tho 
oot of p7efofld>llitif»o osEPo rfvifi«»4 tvom q.^ to P|^ ( i • l9«..t i^)* 
?tion« iCullbftok ona Zolblor'o (1951) rolntivo inforsation preridod 
by tbo oxporiaont i» Aof ino« Tin 
yp;f)) - £ p^ U s ^ / q )^ . . . (1.5.1) 
vitli tin oeavwtlon o log o * o and tbat waonovor aqgr q^ in soiOt 
tho oorvoiipeBding p^ lo aloe soio. Kollbaok (1959) oalloA it 
**«i^«i:ottoo % Korridgo * ovror **, Roqri (I960) and Aoool (1968) 
* iaforaatlon gain ** « 
k dotaUod olti^ of tblo noamifOt vltli it» iq^lioatioao in 
(19 ) 
•tatistioii, weU b« foooA ia Kullbaok. Tlwll (1967) lia» glwn 
it« stipcvml a^ i^ liOAtiORs in •oononlo aOttlytis* 
%iri (1961) gi^« t«» gcntPftlisatloas for (l,$»l) and ohftrao* 
t«riMd ttam by first prlnoi^l* t«Qiiai<iii«fi« Btiiites, Tarlous 
ad«9itl<f«, aaa-adaitivt aaa m/m ottntv g^mrwlimA t^vmm of ( l .^. l) 
tai99 alto h—n obavootoriMa by MAST poMoas, Ibr aont of thoio 
rontdtii 000 iSathai aad Rat hit (1979 )• 
U5.Z. mMmtmnjmwmiEm iBMroa. ^ t Q « (qi»..», q,) aa« 
^ * (3\t.«.* r||)t botb eoataiaoA ia a^ « bo tbo original prodiotioao 
(prior prtibfbllitloo) and roriood oot of p<obal>iUti9«,r«opootivoly, 
oa aa oxporiowat 1, ThoU hap angistatod 
]^(P;Q,H) • I^ JCPJQ) - I^(P;R) 
m 
- .^ P i U g (r^A^) . . . (1,5.2) 
ao aa ** lafomat ion iaproTonoat •aoaaoro ** of the rovialoaa r<^  
oror tbo oiUlKlaal prodiotioao ^^^ gi^oa tbo troo prdbi^ilitioa p^. 
Horo tbo ooiMroatiOB o log o • o is folloaod. Also ^4iBowr ti^ or 
r|^  la aovo tbon tbo oorroepoading p^ i t aleo aoro, fhi«« aoaaori 
plqra aa l^portaat rolo la oooaosle aaalyaio aad lo appliooblo ia 
( 20 ) 
^tli«reimX woimnmm. It le •MOT to vlsoalifli ttiat tho mutA^nm 
Cl.«5,2) i* ft eoa^Bgiitioit of Shar^ noa's aiitfoprt Kai^ iaga inaooaraqr 
aaA XsU^aok't xvlativa iBfaraatloa, 
Baaidaa ettitr antbor'a oontrl^titiDna,Tanija (1979) baa pvopoaafl 
an InfOfaatiea Inproraaaiit dua t» 2 and if vaTialaiia* Hi baa oonaidivad 
ttia valatad inroparttaa aad etiaraotariiad It throitgli a gantvallaad 
foaatlaaa]. agaatloa, Daapa Cl9dO) baa dlaaaaiiad tha «Ma prdblaa for 
faitv Ta?ta3blaa, 
qBAPTTSBra 
2A0 JSSMSSMUM* ?t^ R-^ iora informitioii IMMBM (l«2«22)t ^•Ing 
a qoit« e<Hq l^ieat«d ffiaotloa* hM mist A 89T«ral inl«F«»fitlQg pTObl«M» 
•is« h»« to ehar80t«rla» it adopt Ins tlio firift prinolpl^ totfbalqnoo 
or o%li«T«rlo« ote« Booteo and Ltibbo havo oharaotarlflad it on axio«atie 
footiiiga. Haw m taka ita ehafaotarlsatioiisbjr aafuniag dlff»faiil 
aatsof poatolataa. 
In tha fovtiMBfiwiiiK aoetlon «a ol&araotarlaa tha ^aaora Bali« 
ttia eoaeapt of sanairaliaad aolropr fmioticm Mggaatad by Ariaoto, 
This la baing aehiairad by obaraBt aria log »ia aaif B»oox« infofaatloa 
foflDtloo (1«2«2).) aaaoelatad vltb •arleua aiBsla aranta. Laot oaatian 
la to aat tha Invaatlgatlona ragardlng aona pvopartSaa of I^ ^{?)^ 
2*2« 4Xl<mTlQ mrsiawmwa OF i..«)MEg!^iioi>r. For a pxobi^uity 
dlatrlbtttlon P - (pj^f...tP^) e «^ oonalter tha foaotioB 
\.n^ **• "*^^2i ^^^ * •a'^^ > o: i« I ) . . . (2.2.1) 
aliara a|^ , a^  i^  o ajpa tba oonataata to ba datamiaod ualag tbt 
(22 ) 
initial ooaditloBs 
* , , R (l-H)A 
Hbi»(a t . . .» a > • < ^ « ^<* > ^*^^^ . . . (2 .2.5) 
«!!•«• (2.2«2) holds only if OM of tstot i>|^'«(l«l,..., «) i» I anft 
ottmrm nvt 8MIX« nna ooaAitlon (2•2.3) i« » MZianlltsr oritorion U 
QftM all tho pm^nbilitioo as* afiial. Tho oqaatioa (2,2«l),«itb tlia 
halp of (2.2.2) and (2.2.3),giTa« vim to 
a|^  • ag * 0 •••(2,2.4) 
H j^j( I , . . . , | ) - a^« • a2,(n > o: |< I ) .••(2.2.9) 
Mopoetiirolf. Tttrthor* tho rolationa (2.2.4) and (2.2.9) thxottgh 
« 
tlia aofvallsiiig oonatxaim (2.2.9) indooa a|^  "-n/in ^i) and boaet 
tlia oquation (2.2.1) baeonoo 
R a l ^ R . 
H (p) . — Ci- ( ^ Pi ) ] • («> o : I* I ) 
^ •" R-4 i - l * 
vhloh is Bootee and I«ft>bos R-nom iaforaalioa Moaituro ao dof inod 
( 23 ) 
•arli«r la (l,2«22)« 
w% p]>««»«iit th« isida r«8&ltfi in «b« Aillovlag aifl^ ueifiloa. 
In an «tt«i4>t to •iapllfj th« otutvootarismt lent h«r« tha !l«fiax« 
uaommtiaa mattmrm of a i^ fobalbllltgr diittrXbtttUm ? ^ ^, !• 
eonalAavafl aa tba aalghtad arltb'Sitio «ean rapzH»aeatatloa of 
aUBantaxy n-oomi iiifan|a^^<^ aaaaoxva of tha aoottTraaoo:^  of Tarloua 
aiogla arasta. fbaaa alaaaataiy lafonutioB foaotloaa ara ohart^ta* 
viaaA ttaiag ear*:aia axiom* 
m mwmaam that oorraapondias to tha pxiobiibilitjr diatributioa 
P • (P|,t«.»f Pa'» Pi 2 o, 2: pj^  • I, thara ia a profeability Aiatri^ 
i « 4 jj 
batioa Q • (q|^ ff.,*t ^ ) t q^  > o« £ q|^  * I for ahi^ BOW aa ihall 
ba iataraatad ia 
m 
£ Pi t» (q.) . . . . (2.2.«) 
i"l * 
C^ TlOBaljrt ia.(2«2,6) tha applioatioa of oporatloa iafivDn* with 
ra^paot ta q t vil-^ yiaU ianadiataly tha naaaura (l«2«22). 
Siaoa (2«2.6) aa aueh» withoat tha oparatioa iafianit Aapaoda 
oa two pvobii>i1.itj AiatrSbtttiona P aad o and ahowa tha fom of aa 
( 24 ) 
iateoersflif awanut* «« f « R -• If I^(Q) i» ofi aaaloget of logj^l/q — 
t\m imifimrBoy of tho «m«rtioa idboct aa indlTlA^al «TOI^ ( of, 
liovriago)* ?twv»foi!*« tli«r» !• no hmm If «• r^pivititt (2«?.6) T U 
HfNr^  Ci«2«7) aMT 1»t fw»r&%& tm tbo cforago of •lossontazr EHUoni 
Bjr Ad log oOt at %%im otogo, it MOIBO planoiblo that f Imt 
(^•2,7) ill eharaetoriiod and thoa it» infiami bo takon to attain 
ttio ohaviietorisatioa of (l«2«22)« On tlio wa^ to aohiovo thio goal* 
«o adopt two diffftiront todi&iqooa* In the followiag thtoroa no 
provido a 9im^l9v approaeh to ehasaetoriao \(q)m I'ho oigaifloaaoo 
of tlio roonlt no ootablioh ia that no faeUitatd tho ohai'«ot«ifi«> 
satloa : aatiMiliis l09«vor rnnibor of axlo«i« 
IMI£iSl 2.2.X. If 9 i« a voal-Taloot oontimoiio oelf inforwation 
fvaotion dofintd on Co»l3 aatiafying tht azioaa 
( 25 ) 
tlwt i« F i« p«»tid0««ddltiv«f AHA 
AUEaHU : ?•(§) • — (1 - • )t (1 > 0 : f I ) •« " 2 t3 , . , , 
«liieli i« a mximUtr e^uptcttlnt, TiMa %k) tefintd ia (1.2.21) 
ip^ OQir. Ia axlftw-^, tolot ^Ci:) • — (!• ^ ( K ) ) and g*t 
8«4. B"! R^ 
!U.l R B _ 
flii s»l«tlea ^*2.8) 1» th» mil loioim Gluitiol^ *« fnaotiooftl 
tqntttioii (]f»f«r AoMl (1966)). 7h« %mll ^momk notetiofi for (2.2,6) 
%m ^6c) * x^ • f^ «iro o y* o 1« a oonotattl. This on using axlon"^ 
yioldt o » (R«4 )/k Alii ttiovefovt 
R (R-1 VR 
F<«) • ( I - X ), X « (0,1 ] 
R«4 
fvlileli i« nethiAg bst ozaetly of tfeo font (l,2«2l)« 
mw in vlow of (l,2«21) tlio atoooro (l,2«22) %mHf holAo by 
(26 ) 
takim tlM iBft«»a^ of th* •fieatioa (2.2,7)t ••• %h» aefip«oAiM. 
iitxl w« glirc «ao{;h«7 ohftf«<»t«ris«tioii b^aomiK f^tklag into 
•00000% ^i« folloirSi^ «ot of OXIOMO t 
aHM^l t Sipifi) io p«ooA9*oaditlvo ootioiyii^ th* TolatSon 
oiiovo pfPS (it q' S COfl>J oaA kf' 1 in » eonotoat. 
it£Q^^2 * ^^ P»^ ^ *^ *^  ooatiniiono fonotlon 9i q € (o*!] oailjr, 
MIQiH»5 : If for wy p, q - I , tboa «(pil) • o, 
4il&li-B^ : 2«t tli«i« bo m oquAllor lllEoljr oltomatitoo oaa tbo 
olonottte of oooooiatod Q ^oo «ro oqoiprobi^lo* fbon for on 
OToot with p • q • 1/ttt Ut 
g ( | i | ) • -— a - « ), (H > o: ^ I ) , « e (2,3, . , 
In itiAt followo no proiFo tho ohftraotorloatloa thooron, 
Ilil^ KBM 2*2. 2 • nm oaclowo B|^ -B^  oAiqoolj dotoraliit tho l^iq) 
Aofinoa la (l,2.2l)« 
Jga^t. la poirlaloto^l^ takliMC 
( 27 ) 
f (pp'*q<}*) - f <l>;q) f (P't<lM. . . . (2 .2 ,10) 
X«t q » I %^«ii,la Tlftw of pd«lidat«^^t (2«2«9) Siw« 
f (p; l ) • X. . . . (2 .2 .11) 
^w for p* * 1 tiid q » If with th» oensU^rtttlon of (2.2,11) , 
tut oqiiatioA (2,2,10) yUldo 
f (P;Q'> - '(p»i> f d t V ) . 
Hicliis ttM of tho oquAtlofi (2,2,11), m got 
f(p;qM - fdsq*) . . . ( 2 . 2 . U ) 
ana tble eonflrmi tbo foot that tho fuiiotioa '^(ptq) nololj 
d^ o^BAo on q oad not OA p, 
Furthor toko p n and p* " 1 in (2.2,10). Thtn 
f(i;<?q») - f (i;q) f a;q») , q, q* e (o , i ] , . . . (2 .2 .13) 
ftm ooot goaovol ooatlnuotts axid ttAlqBo ooliitioao of tho oqootlon . 
( 28 ) 
(2.2.15) •«» glt^nby 
t d w ) - q* t c f*© . . . (2 .2 .14) 
(MlA 
f <l|q) • © , q e (o,l ] •..(2.2.X5) 
(of. AOMI (l%€))t ffimv 0 l0 an u^itrafy qomitftiKl. Fiaally, 
with ttat n»tlon« of (2.2.12) ana (2.2.14)t tlio rolatlea (2.2.9) 
«(p»q) • I (q® - l ) f 0 , k |« o 
«lMf« tbo oMiotant o aad Ic maj bo fooad tbreui^ tho aomallaiai 
oonfltralBt • B^,for a l l n 6 [2t3f... ) . "^ blo g i^o o • (R«-l)/R aai 
k • - (H--l)A *oft honoo gCPtq) • Ijj (q). 
?lio flolBtloB (2J2.15) fitvo ff(p;q) * «1A wbloh lo to bo 
dloearAia booattoo It oomtraAioto tho fast tbat gCPtl) " o. 
MMiM* ^3^ * sonorallioA (pv laedaploto) pv^abillty dlotrlbtitloa 
a 
wOmm P • (Pj^f.t P,)t Pn i o, E P j ^ i l f t h o Xjj(q4).i*l,.,.,a, 
aofioolatod vitli oaOh ladivldttal ovonfto aar «l«o bo obtainoa aod 
ttaoa, on tho llaoo of (2.2.7)t om mw dofioo 
(29 ) 
Oa tftklag th« ioflMni with mnpvot tp (q|^f..f<i^)* tht •qitttioa 
(2,2.16) 5Jl^« 
tti« n-aom •atropgr ol^  a gtotrallMa pzdbabiUty Aivtributloa, 
m 
mmA t P4 • I . (2.2.17) oolaDld«0 with (1.2.22). 
l«l * 
It iff also woir%% of vowuric that If «o talco arithsttio 
aTof«go with imighto ao oontimotta foaotioii f (•) no eibtain tho 
goaoral oxproooloa 
^\j^li(Plf..#»Paiqi.f.fq||)" S f(P|)lu(9|^)/ T. t(p^) . . , (2 .2 .18) 
fter (2.2.16). Whoa f ^ ) • p, (2.2.18) ha« tho haoio (2.2.16). 
«»rooT«rf if tho woight f (*) oatififioo tho ooadltion 
f(l«l) - f(p) f (q ) . f ( 0 1*0 
thOB f (p) - p^, r > o ana (2.2.18) ijiiNio 
„6 , , X '^  r * ^ . (R-l)/R • e 
Vn^n P.in %,> ~ [^ s^  Pi (I- ,) )/i^ pf ] . 
( 50 ) 
Finally, taking Inflat» It 1R «a«r to arri^ at 
tilt R-noni antroier «** r^p« '^. *^»^ » ^ntvof^ ana i t s mm g«fi«i*al 
OAMs will 1»« atudlad In tlit atteoaaaloK oliaptap, 
2»3. nWi FlOTBIM.y Mim^MmMm. ^ aiwn»f iM)i» f»a»oiii4»la 
pr^)«Ftitf* irtileb tha H«nDm lofonvktioii atatoztt (l»2,22) po8!Wf>i««8* 
Si}^ ps^paptlaa ax« OMful vlilla ^tiniiiAg a glvan aaanuvt for 
forthar etodlta, iHPPlioatioaa or for eoqparlaon piszpoaaa* 
1 (l-t)/R 
lihari a danota tha mti»ar of p^rirrobi^ event?, and 
B^l 
pfOTlAaA ^ ^ n^ *(^ 0 e d^  ai*« two laAapanaaat probability 
aiatrlbtitloiia* 
£ ^ ^ , Though Beakto and 24x1»1»a h«ra pro^fl tha«a raaulta, «o 
raititrodttoa thaaa aaraly to px«rl4a aa^r aotiTatioaa. 
( 31 ) 
(X). Proof for tte l«ft hand «ia« ie aladlas* to th«t oibtaiiiod 
by BMlBi« aaA Ltibb*. f« •tftabliali ttw v i ^ t haaa iMQiudlty* 
By tte atflRition (1.2*20) «• havo 
m 
How, with tlie notion of (1.2.21) no fam 
, R a-R)A 
(11). Xtt A^t«..t A^  art B|^,«.., B^ bo ttio mt9 of ovonto 
anooelatod with tho dlotrlbot i«iui P aad Q la 5^ and &Q,vtiipoo* 
tlvoly, 10 donoto tho pvebablllty of %o joint ooourronoo of 
oirottto Aj, ( i - l t » . , , «> and B (^ j - 1 , . . . , n) ao v{k^f^ B^. 
Thon tha entrojor of tho aroton will bo 
R ^ .. • n » l/R 
H^«{p*o) - — r i 4 E 2: p'^U.AB.) ? ] . 
^^ '^'^  lUl '^  1^-1 }-l ^ 3 ^ 3 ' 
en 
Slnoo the oiionta avo otoohaot its ally indo|/dont« iftionoo ono itay havo 
** r T • R M^^ » » l / « 
1-1 * 3 -1 
(32 ) 
ii2SMi4S3C« 0 r-^ y ) oatt b« •xt«n«»d for P^tPxt...tP^X« 
n utoehaiitieaLlf iatoptateBt aifftpDbiitloiui iMTlng "o**},****!*,!.], 
•lMMBtii,r««P«otiT«ljr. I«t H^^ii(Pp) " . . . • ^B^ ,R^^o-l^ *»» 
th«A 
f/tutf P* stftiiAfii for tlio proAttet O^AO* of tbo dl«%rlbntioo« 
£SQQ£« BAvlior m h«To fooilltatod %tio psoof of (2«9.X). Oa 
•lailor liaoo It U not aifflonlt to tUtnom %h«t 
D-1 
( 55 ) 
Fiif^h«r» by ii|&tlataatloal IndiietlQa on* nar Avrive at 
• • • t - I - * • • 
BKI B-l ll»l 
R ^ . R t ^ o ) \ . R * X > — V x . « ^ ' " " - l ' (-X) { ) 
. . . ( 2 .5 .2 ) 
f laalljr, ettb.tltiitlBg H,^,R(P^) - . . . - ^ ^ ^ . R ^ V I ^ - ' 
in (2.5.2)» «• obtain 
H-l tt^ 2 E-l « ft -
n^...«^3^tR u 2 It 5 
»-l 1^ 4. ifc*l a 
. . . • (-1) ( — ) ( ) w» 
R a 
• ( • l ) [ - ( )W ( ) ( ~ ) A ( ) ( ~ ) 2 w', 
*- I 2 R 5 R 
_ Ri*l &p>l a . 
. . . • U)" ( — ) ( ) » » 1 
R a ^ 
l-R ^ I R 2 R 5 R 
. . . • (•l)"(&i)'* O n ^ l 
R a J 
( 34 ) 
or 
V..-^.-'<'-^-it'-<'-x-'°l' 
H«ii9« th4> eortfllaigr. 
5*1 lygHQDPCT ];(^ f, I«t ^ b« tim flnltt Mtn of all g«B*rftliMd 
difiomt* probabllitjr di»trlbtt« ioas «« dtfiMd bj %fri (1961) in 
tlM MRff* tbat net all o»te«iit« of an tKporiaoot* for inotajiot 
itarlGtt •itttAtioa* MPO Mlttrftiit or ehmrrtl»l9» Whtn tuoli In tbo 
e*0Off «• h«r» givo oont lAtorofftiag goo^ralis^ttioae of tH* it^iion 
li^ofwitioii s^ Aftor* (1,2»22) and oati^lirft tho rtlatlon^ilpo of 
tlw '^o vitb Tarioos oiitroplofl. Sovoral obaraotorifttiaii of oonol-
donatio iJtitaroi^  aloo art introduood. As aa iqpplloatioii and 
oharaotorlaatioA of thoat now goaarallaad R«»iiom •otropioa, m 
gii« QolaoloMA eodlng tbaoroan irtiloh art of algaif io&oft iaportaaoo 
in iafofwatioB tliooiy, HBlooloaa eodlng tlioofe«e» a« «e obtain* 
mm bo eonaldored goatralisatlons of eodlng thoortss oatoblliihed 
for additive entrepiee, 
MtlQEBS. let p • <Px»...t P.) »nA Q • (qj^f.f q,) 
bo tfpo diatrlbotlona, in 6 ,^ eoob tbat 
vh?) • W^(Q)il . . . (5,2.1) 
( 36 ) 
p r o * Cp),f*«*»P|i« QX****'^ ^* ...(3*2,2) 
If f^(P) • w^(0) > I t\mn m^ U ODt dftfintft (of. R»qrl ( l%l)). 
1%itr«fez«« wfata (3*2«1} telAst »• dtfiat 
, , ^ f^(p) l^ ^(F)* ^(q) ^i n(Q) 
C »(W0) " • .liiai.,,„i» I „.>.Tff»r . . . (3 .2.3) 
ir(p) • W*(Q) 
• •.(3.2.4) 
a« an •st^imioii of I^ ,|(F),erbt«lnod following Ariaoto who HMt 
tHo Iiogxiifigo** wi t ip l i t r toohnlQOt, 7li» foloti^a (3.2.3) pfotonts 
tlM tiOAB t^tlito pfopovly of tho ontropgr. An oAvantas^ o of Aof IniBg 
« ^ OQtvopj fov goatralitoa ai«trfi>«%loiui io tha'r ^ l ^ «oaii«TalHt 
p«op«ny is wtoh oi^^lov lii tlio gow'^ oaM. 
m 
Iter £ Pf • 1 , (3.2.4) roooilbloo (1.2.22). In ^lo llnitlflv 
oaoo iftioA I? -• I , by an ^E>plloatloA of L*Boipital*» vuU$ it ia 
oa«r to ahow that (3.2.4) h&m th» baaia (1.2.8). 
(57 ) 
7\m oQnMpt (3.2.1) o«a %»• «Kt«iiftoA to a witor OIMH of 
aidtplbetioiis, l.«t Hio iwii^to bo 
(P) - p | • p | * . . . • p|l 
P > I , . . . (3.2.5) 
f^(Q) • q^ • <l2 * • • • * % 
myrSudV^Af if in (5.2.5)# 0 io ollovoA to bo loxgo oaoogli «o mar 
OBOBVO ttUlt 
W (^?) • f^(Q) 1 I . . . . (5 .2.6) 
HovoTort oao wfv 8o fovlbov by Aof ialag tbo ionovoailsoa 
pKObidiUity aistrlbBtloii on W * (F) " S Pi*^  < l» 04 2 I oto. 
i«l * * 
ooA oomildor oaotbor nor of ooifeiAiag tbo t«o dletrlbetiojio P 
OBA* Q o f d j i^oii 
t (P) • t *(Q) i I . . . . (5 .2 .7) 
It in rstbor obriotio tbol (5.2.1) ma& (5.2.6) bolong to (5.2.7) 
for opooioi oliolooo of tbo pwpflBMitoro \P|^ ?. 
Aqr Inoo^ploto aifttrlb«tloii o«ii bo aomollsod onfl «oao 
Pi a ^1 
eoi^loto, o.g. w» oaa nofrntliao (P^ ^^ i^ ) b j taking p|^ * Pi A P^ 
( 3 8 ) 
or m fRior f laA «a •dditioaal ottteomt (hltbtrto unloiowii) liavlng 
pvoteabllity I • t pA and fttrtli«v eeald pwottd 1 
1-1 * 
ordlnaxgr Aistrlbittloii, 
" 1 ce an 
nbw Oft th« MMlogy of ^« rvlation (3,2.4)» for (3•2*6) «t 
arrlfv at 
. , . (3.2.8) 
an th« ganazal font of (1.2.22). Tha (3.2.4) la ft i^aeUl oapa 
•f (3«2.8) for ^ • I . llian R -• If (3.2.8) oorroflpoiidB to tho 
typa P aatvopr Cl.2.10) dua to Kapur. 
Purtbai*, to oovar a fiuoh widar elaaa of R-nerv antropl«a no 
taki aooooat of tlia ntoamlty (3.2,7) and eoaa to tha axptanaioa 
Pl2l, £ Pi^ll ,(H > o:n) . . . (3 .2 .9 
«a oall thia fuaotloB aa tha *paatt4^-addltlTa R«iioni aatropj of 
typo \p^] •. RalatlonahSpa of (5.2.4), (3.2.8) and (3.2.9) with 
a a ^ ethar aira obrloaa. l^»raeTor, (3*2.9) haa tha baala (1.2.12) 
pxoTldad R -• I . 
(39 ) 
glvttii b«Io« to show th« eoontotlon of Eathlo*« (197'^ ) additive 
and aon-addlti^nt goiwraliaod ontropis a of ordar a and typa Ip^] 
with H^5 (P). 
smoasa 5.2.1. m ha^ 
( I ) \ , i (^) • [^--^ • J fOPO-H 
^^1^ « r s 1-R ^^ 4^  -,1/^ 
( n ) B(^ ^^  (?) • [ l - l M l - a ) Hg^ * {?)] ] for a - n, and 
ip,] {^.1 ^•V 
(III) !^ ^ (?) i l^^* (P) 1 B^ ^^  (P) for « • R, at H 5 I 
vliara 
\m ^^ "^ ^ -^2 ) ^.(^x^ Pi ^ /^r^ P^ )^ J, . . .(3.2.10) 
a <^ 
for Pi 2 It >^  Pi i l» ( a > 0 : >< 1 ) , i s tba nonMiddltlfa 
* I"! 
ganaraliaad antropf of ordar a and tfp% lii^] dua to Rathia (1970). 
?lia oaaaorta F\,* (P), 1^^; (P) and H^  J (P) hava already baan 
dafintd la (1.2.12), a.2.13) and (5.2.9), raapaotlvaly. 
£Sfi9R. T?ha fttODtion (3.2.9) may ba wrlttan aa 
( 40 ) 
1 • R*st,-1 a g, 
h3 n , »!•« <.4 H /API ) 1 
•r M 
B«tlit tor « • B, with a«finltloit« (1.2.13) aaA (5*2.10)« yUId 
«te M»ult8 of (I) anA (IT)* vtgpMtivuly. 
( I l l ) Out 18 foBsiliar with tb* iatquAlltjr 
^ <p) 4 ««,; p^> ...(3.2.11) 
t 
Mo^vAing M « J I. «^Ds*oT«rt flMkiag tli« piibstltiiW 
X • ( £ p^ * / £ pj^ * ) in th« latQtmlitjr log x < x - I 
and ooaniaoriog the oftsoa H ^ I , with lUNitmaz^  oporfttloiui, out 
lUMI 
\ , i ^^ ^ -^  l^i.R ^^ ^ *• R ( o r a ) J l . . . ,(3.2.12) 
FlaaiTt (5.2.11) tORO%h«r wUh (3.2.12) pvoYOn th« ivqulMd 
T«8«lt. 
m^iM. (i) B<ii2«lity hoia« la ( i l l ) if R •* 1« fdr a » R. 
(11) ?hi r««i2ltB Of thl«« tlMOVM for (3.2.4) •xO, (3.2.0) olm 
( 41 ) 
follMT •eooraiiigljr, 
5«3 £BQaiirrairi m. MmWimn j^mmMMM^m. ^^9 (3«2.4) 
and (3.2.8) are f(>«eUl oa«e« of (3*2,9)* wt oott»id»y th« prepvi^ 
ti«« of (3«2*9) oid.7* ?]!^«v«it(i of (5.2«4) and (3«2«8) irlU 
follow aoe©i»;!i!¥!ly, 
P|^  : It in «oll imovfi that the iBoziABB of i^ g(F) Am to 
Boolieo and Li^ bo la 
H* ( « ) • — ( U a ) t « i 2 .• .(3.3.1) 
l^lQil OOOQPO l^ bOB p<| • . . . " P_|. fffT P ^ | « . . 9 pji • ^ n • nllOlBt 
a IM 
£ 9j^  " Ic 1 I, tHo \ J (^) tttvoa Jjfio 
fc B ^ (l*t)/R 
IT -(«) • — [ I - (a/k) It a i 2 
ahloh io ladopoadoAt of tho j^aiaaotorii \p^ ^ m ^ ^Ca) tho 
oaallor tho valtio of k , tho laygor will ^o tha Valuo of tho 
oatfopgr. la oaoo of k •• I , wo got tho aaxlaoi Toltto ao (3.3.1 )• 
But i ^ n k < I , for «kll sonovaliooA pxobifeUitr Alatrlhotiono 
tliaoo axw aot booaftod abovo. AltlH>tiih wo got 41f foroat maxlmtiao 
a 
for difforoat valaoo of k, ohoro Z p« " k» 
i n * 
( 42 ) 
By a uiml* o«lottl«tioii «• «a# 0mm that 
l?^xt, far «H poffsl^l* «vtntii mtDx that p^*,.,"" p^ ^^ j^  • p and 
t p . • k 9 «t Qibtala 
i i i^ * 
ilea for tb« larga aboloe of Hf tit gat 
Urn 3^»( ) • i^W m 
viiapa aa ean aaoclffliisa th« antsopjr at will hy taSclng k aaff ieiantljr 
aaall» 
\ , H ^^ ^ ^•^ ( n > o ; > ' l ) . . . (3 ,5 .2) 
m 
wltli aquality If, anA only If ^ p« • I , p, « I for nonii i aaA 
l«l 
•aso fior all othar i*a« 
£10^« Ont haa 
R 
p^ 2 Pj^  aaoerAlag an H ^  I 
(43 ) 
99 
9T 
< I p* ^ / t p, ) 1 I wowiiBi aa K f I 
1-4 *^  1*1 * ^ 
( £ Pi ^ / ^ p / ) Jfe I 1-1 * 1*1 ^ < 1 1 * 1*1 
ftOQev«lf« • • H J I. low it in •a«r to 1i«v« (5*3.2) for a l l ^ >e»|<l* 
?tit nee«fiffax3r aaA mxttioimt ooQaitloa for the aqiialltj «*>•& 
I p. • 1, pj. » I for aont 1 ana saio far otl&ar i»a/jat»iar 
abTlotts. 
P- • 1^ J (P) in a ^rn^trlfi funotloa la aroiy p^d*!*•..•«)• 
v« man t^at oar naaaove Miet ba iirrariaiit vitli iw^paot to ^la 
evaai* of thafw pr^abilitiaa* 
^,11 <Pl«P2t...fP«)* '\i|,ii<P2tPit...i P«)* 
P. * It 1P obTlotto tliat 1^ ^ (P) In a oontianoaa ftmatlon of 
{p^ f aad honoa of \p|_^j. 
F^  : Bj aaaing anothar p^ for aliieli P|^  • Ot \ ^ M vmmixm 
o^aaltavtA* 
(44 ) 
in tti« following HMutinor ; 
Ut IC be a raaioiiTariablo tiding tho vnlnoo IpjJ with 
]^rflibi3>ilitioo 1 P | j . *^itt« I^ R (P) ««y ^« vlofiod no n fwwtSon 
of S(jr^) for nU fl > -I , ?< o. Wo «»nn to MOT 
wNim 
n 
naa now it lino tlio bnoio (1,2,12) pxovlAoft ^ -* o« 
9«4 MsmhimP'm mmm% ,g^Mt "^mw^g. i*bi« mtion lo 
dofotoA to donl witti gonomdinoi ooAii^ thooront* thnt arioo bjr 
oonoiaoring aonomoo (5*2«4)t (5*2»S) nnA (5,2*9)« 
Int a flnito flot of m iiipitt «rii»oltt t « OC|^ ff«**» x^} bo 
oosodoa ttoing nn alpbifbot of D mnjbolo* tbon it ban boon obeim 
tbat tb«fo ie an inotaatnaooiio oodo oitb longtbo n^^**..! i^ iff 
ana oidr if a*4.2} hoUo. Jmt L^i?) am Aofinod in (1.4.4} bo 
tho avoxngo oodo longl^ noooointod witb \ ||(^)t tbon for a eodo 
i^iob ontinfioo (1«4,2) looieoe and Lubbo^  for a aoioolooo oHinnnoli 
(45 ) 
awMiUitratjM that 
• .H 
vitli •Q««ll^ 1ft and only if a^  • «•! l#g|) Pj^* log^ £ pjl^  , 
i • If**** *•*• 
fltli Mi^Mt to «)!• MftMnras (9»2»4)t <3.2«8) aad (5.a.9) 
gi<f«tt bjr 
4CP) - — [^  - (^ i^  n » /^ ^^  Pl> 1 ..-(3.4.1) 
^ H - l 1 - 1 * 1*1 * 
h ^^> • rr L^ ^^ n ^ / ,^ n >1 .-.(3.4.3) 
«b»x« It > o» ff 1» p > It i^ 2 I, 2: Pi i I . ?fe« lattav t«o 
«»latioa« ai« trivial axliafksiOBa af (5.4.l)« fa mul& rafar 
\ ^(F) aa tha *paaiiAa««adaitlTa l-aom craraga langtit af trpa 
i^jj* far an iAatanianaaaa paauAa^adAitifa trpa 1 |^^ ! aada. 
It la abTioua ta axplara tlia iatasMwimaot lone aad al^pla 
( 46 ) 
oiitiMqo«ao»« of (3,4. l) , (3,4.i) 9tM {5.*.5>« *»«• !>f«ptrtl«» of 
• % , a 0* ^ 
tiriitro ( £ p« n, / 1 p« ) iff tho arorago eod« longtli of 
tjrpo lp|J • t!h# MottU i s Atto to Eftlhl* (1970}t 
(U) i*i«n £^ • I for on^ If £ P|^  « I amd B - I , 
^ ( ? ) • » £ p^ A|^  leg^ B t that ifl Shannoii'o oonfentional «v«ra«t 
ooOt loagthf ttp%o a oonstaut, mnA 
( i l l ) If al l A|^ *« ai*« oquai and oaoh !« OQiial to »» thon 
Lj,* (P) « ( L B ). 
A eh«reo%orlsatioii of (3«2«4)ff C5»3.B) ana (3*2.9) will 1}0 
IIMA to proro tho oodiog thtertw for ttwio ontiKopioo. As (3.2«4) 
•nd (3*2»8) art tho partiotilar oasos of (3«2*9)« xm obtain tho 
iielMloos oodiag thoonaa with fni^oot to atanort (3.?.9) oiiljr« 
SiBot tha ooAo loogtli ^ (P) poaMpnaa ttia propartlaa of a vaaa 
langtli thax^foso* taking into eonaidaratloa (3*2*9) and (3•4,3), 
at obtain ooaa vaatilta baaad on noieolaoa coding of tlia aaattagfc 
C 47 ) 
8i*oh that th« ooa«ii are iiif*tafitafi«oa9 unAmr th« condition 
>^  Pi B ^ 1 £ Pi . . . . ( 3 . 4 . 4 ) 
Clearly, when P* • I ( i » l » . . . » «) and E p* " I (3.4,4) ia 
i H 
»aa® a« (1.4,2). 
?ollowing thaoratsa are aatabllebad to obtain the lower and 
opnar bounae for (3.4 .3) in terse of (3 .2 .9) , 
IM^iSM3.4.^. ^** »i>l integ*»ri» B le t Ip^^^^ and {n^^ aatlufy 
(3.4,4) , than 
^ ^^^^ %n ^^ > . • . (3 .1 .5) 
and the equality hoi da if, and only if 
a R+^^-l y., 
Rj » -R log^j p^* legjj i z Pi ^ / z pi* ) . 
2E2Qf. **• uti l iae the Holder*e (refer Beok»ii>aok and Belliaan (1917)) 
inequality 
l /p l /o 
( s r g ) ( s . | ) 1 s r ^ , ^ . . . {J .4 .6 ) 
( 4« ) 
th« •qtialltir tmXA9 iff «ai oulT If >! " o « | for HCMM eonnluil 
-a* , Pi , • P« H/ (^ l ) 
* * 1*1 * 
( £ p / D * / £ p / ) ( £ P, ^ / £ Pi ) 
i C i: P I * B V £ p / ) . 
lew using %h# di^lnltloA (3.4.4 }t £«t 
1*1 * l - l * i«X * l"l * 
ana fmising %^ poiwr %o (IWl)/lt,iMi haiw 
{ i: p** B * / % p-*)( £ p. * / £ p.*) i I 
i«-i * i«a * i»i * 1-1 * > 
l«l * l - l * > l - l * l - l * 
•0e«if41ag ft9 R ^ 1» PloaUy, nuUlply ^f «1» add 1 anfl thtn 
•Bltlpljr by H/dl-l) on tooth tii« mUmn of (3.4.T)t with tlio 
G0iitl4«vft%i9iifi of (5.2.9) ana (5.4.5)f to got (3.4.9) for al l 
E > o , f* I. 
( 49 ) 
Tt i9 •ft«r to fihow that •quality tela* la (5.4*5) 1ft ftad 
oflly If 
Hi - -H Ulg^ Pt^ ^*Ii^HL '^ ^ i n "^^  ^ . . . (3 .4.8) 
wbidii laplits that if a aatiunO. mnibev fatinfylog (3«4.8) oan b« 
found than tha minimum of tha eoda lamstli L^ ^^ ^ (P) ia \ , ^ ( ^ ) . 
?h» n, Klvan In (5*4.0)t for « • Rt i*» w«>» an Hathia (197^), 
aho o^talnad thie vaault to ahow tha actual Itf of ganaralioad 
nairi** antvo]^ of oriav a and tfpm lp|l with Ite anaBoiatai flMaa 
langth* ?hia provaa tha thaofan* 
It flhall new obtain oppar bomid on a^araga laagth of eoda 
aevdo, 
fHSOTOa 3«4«?. Xat Im^ ba tha langtho of ooda aorda an In 
thtoran 5«4,lt than £^*(?) say ba aada to aatisQr 
LJJ*(P) < fi^ * (?) D • — (I- D ). 
£iQ:|£« fa ohaoao tha oofia aovd laagtha ^m^l as tha uniqiia poffitlva 
Ittta^aro «atl«fyli« tha iaoq^lltj 
( 5^ ) 
AliO« «Ni rli^t tiftiiA itt*Qe«lU7 of (3*4.9) y l t i a s 
n 
^1 
or 
• * > 
i -I 
. . .(5.4.X^) 
( £ p. * / r. P-* ) 
For R > I , Ua (3.4,10), vftise tb« po««r of both sldoii to (!Wl)/li, 
Pi , • h 
ai>Uif>ly t>7 p. / E Pi aiUI thou umi 1 tbxougti a to arrive «^  
a |. -tti(R^l)A , p , n^ji-I n p. l/H (l-!i)/R 
( i: p / 13 / ?: Pi ) > ( £ l>i * / s p.*) D 
fh is ttpoa nooofioafgr aaniptilfttionii, for al l ^ > o, f %% glTfto 
« p. -.a-(»«l)/E a ^. 
[l-( E Pi * / 2 P^M B ] 
atiioti aogr ^ arltton a« 
lPi\ R n r a R*04-X a ^j I/HT (l-K)/R 
L.i(P) < • | l - ( £ Pi ^ / £ Pi^) > 
H (1-.1)/R 
(5X ) 
h ^^^ < ^.5^^^ '^  • — a-D ). 
ft BOW proo««A to pvm a gtiwrftllMd coding thooiroii for a 
floloolooo obAimol with Indopondont inpot «N^l«« 
X«t ^^ teoott %lm ^^ ^ ordov oxIonsioR of A aioortto MMD-
If low fiooTOo R, TiMiB s le olao a mambvylMnn oouroo vbleb ositii 
^Mqutnooo of tho for* 
wliort 
Slaoo tho gfilbelp o n onlttod iad^ondontljr, tborefoiv 
P, - PC«X>^C«2)...2*<*M^1, l^ lg ••• Pl^ . . . .(3.4.11) 
H»Tloiioly, thoro votilA t>o «^ ooqiioflooff of Loagth ifr« 
3f tt^ aoaoto tut loagth of tho eoAo word analgood to a 
eodo •oqooaeo a and MI^*(P) d«^oto tlio oodo loagth of typo 
IP^^ for tlio H-ooqooBooii, fhoA 
( 5 2 ) 
iAi«r« wnrmtlon wetends wr th« «"" ct^ecnMii « and p , tt^ msAt 
Pi, % Pi 
f©r %li« pro«tto% p ^ p ^ . . . Pi^* . fb» itiwraliitA Hii©wi 
tBli«pr ©f tfvm If^ i^ ^ t ^oy **»*« pf»4i»t ipaotf weoU b» glTvii %f 
»L. (P) l ^ - < ^ » . / ^ » . > J. . . . (3 .4 .12) 
7ZMI (3«4«il) mM (3.4,12) i t folUiw iiPM4i«t«lor tbst 
( £ P, ^ / i: i , ^V - ( E Pi * / £ P i ^ r , . . (5 .4 , 15) 
•e tlick from (3.4.12) «iiA (3.4,13) «• oonolod* 
^ ^ 1 ^ . . '^  r s 1 - ^ ^^1^ t ^ - . 
Itt tt^ a«iiot« th9 p99ltiV9 iBl«s«r ai^lfifying tta« iiwqtiallty 
-« U»g3j p^* Ugjj ( £ p^ * / r P , * ) i tt. <-R lo«u p , • 
• lo«l, ( 2 P, * / S P, *' ) • I . . . . (3 .4 .14) 
• 9 
( 53 ) 
In C3.4.U), If •*oh n^  •quals t\m l«ft mt9h9T th9n It In «a«r 
t0 show that 
AlMy AB farliei* la tbeormi 5.4.2, if tli« iittegtr n^  ffatliif 1«0 
(5.4.U) for MHBh s ttetn it liiouia Mtiiify tht iMqoalitir 
80 th«t th«zw id «ft ia«t«Aeftiiiotiii oo4o vith lomrth n .^ Hoir wrlto 
(5.4.U) M 
8 
or 
R J^ O - S P8 
"* J2> ' ^ ^ " " I " " ' •••———»—«»—»—••»• !• •II m D (c'''*^-v4'^'> i^r''^'-h,':^', 
8 ' 8 
R 88 tho po8»r to (iwi)/k, w^Itipljr *y ( p^ V i;^ ,^ * ># »u« owr 
8 oad th8ii follov (9.4.15) to«rrivo «t 
1 Pi^ , ? Pi i 
8 
(5* ) 
s Pi ^ / S Pi > 2 ( £ P, * t» ^ / ^ 1^ » ^ ( 
> < i: Pl * / X P l ) B . . .(5.4.15) 
aoeovtli^ «• R { I . m.tl»it«lyt foF A U H > o* l< t (5.4.15) gir99 
•1B.R i n ni,R ^ . . .(3.4,16) 
^ i (V) • ^ [ w ( X p / » • / ^ P . M ] 
i« «f tbt «rp« (3.4.5) for th* «'" f©o« ©f (S*. * t> ^ /5^,*) 
ii»t*i«liMiA for til* 1^^ 0va«r prodBot «od». fhlst th«v»fovt» iMr 
b« eeii«ia*f«d mi ^m *p8Mid»Hiaaitlvt ii*i»m oed« Unsttt p9v 
t^piit afiibol*. Alfl&t uCl-H)/!ai ^1^ at w -• •» A<i« th^Ptfor* taking 
i mfffiolantlj lafsty la (3.4.16)f m eooolisda that ||L|^  * (F) ^ 
In ottiar worAat tlit ararai^ a ooda laogth aajr ba «ada eloat ta 
] '^'l^ (p) at will by takiag M largt aaongb. ito bara tbaa prorad 
tba following tbaofwt t 
(55 ) 
XJffilSl3&JiL3«4«5. A p«taa»«ft<^dltiv« R-nD«i a!V9rttg« Ungth of larpt 
\P^t»r aa iiuit«iit«aiOtiti ooA« p«F inpttt «]n#dl ean b« saao vAtU 
truriXr OIOM to ^ J (l») by OIWOAIHK ouffielonely long nodoonoto 
of i%«t «riritol« but i t lo not pooolblo to ooaotmot a uaiqutlar 
dooii^ hoxvlblo JoAo niiiftiM pooufto-aadltiiv tjpo i^j! airtvogo UoKth 
U looo ttma, ^^n <?). 
PAHy|gy^R g^ jig^ - (I) fpr ti^iovm f»ft«oii« tlMoroa* 3«4«1 • 3.4.5 
aloo liold for HOMMOOO (9«2«4) aaA (5*2«8) and bonoo tholr oharao* 
torisation fellow . 
(2) If ^^  * 1 foi* oaob 1 anA i^  <* !» thoorono 3»4»1 ana 5.4«2 ai« 
o^iraiont to a vooult gifoa by Bootaio aaA I«bbo for an inotaii--
taoooso ooAo, 
(5) Wboa % « P for e&ob 1 ana R - I , tbon the aolaoloao ooaiiEC 
tbooroso bola for Sapor*o oatropf ootdftlioboa by Kathio (1972 )• 
••I PT^9^^^IQS, For ft pair of aioertto pfobablllty aUtrSbutloim 
? ftoA 0, botb oontalaoA In S ,^ %rria«o lia# siigg«9t#a tbo Inoooo* 
raor oMiAMU** of tho fom (l«3*l). TarioBo oddltlTo* asa-addltivo 
mA otfaor gootrallsod proMatattl- i^is of if)«ooBr«oi«Oi follMiiai 
Sorridgot haTo oppoarod in tho lltoratovo. Roeontly, oofoolotod 
with P and Q» Khan and Mx^mA (1984) lunro formal Isod tbo looeooroof 
laoaottro (l.5«6), Thlo follows pooodo-adAitivo eh«raot#riot io 
olioro P*C • ^ t t ^ f M PxV**** Vl»«*»» P«°tt^  ® \MI •*•• 
Ttoigp adoptod a piaipMtlo approa^ to ohovaetorlso tba fonotioa 
(l«3,6) througli tho aoimloM ooding of tho noeoagos for po**«onol 
probability oodoii. 
Jn thio ohaptor f irot «o oharaotoriao iWaom laaoooraflor 
noaimro (l,3«6) through a fuootionol oquation arioias froa tho 
oooditioB (4*1.l)« Third oootioa io dooignid to ^ive noao proportioo 
follomd bjr ^ |((Pff'C)« la oootioa If oo i^ l^ o ooao gonoraliood 
(57 ) 
f^ niff of ^H»ra InMsoQieoj r«*lliiiig th« ntadt A««erib«A in 
9Tot>il^ill^ Odditis tlit07«mi» for a aoiooloos ohaiinol« «*• oibtaliioa 
in ttio laiit oooti^a* 
4,2 AH AXIOa^ TlC QHiLRA0TBRl2A?IQlt Qg R«IIQRH ISAS&£E4SI. Ut 
\ * \ ^ *«"*'* (St«l»)f « « [2t3*f t.t ) and oontidor 0, ^ » 
•oquonoo of funotioiio of p^ and q^^ (i» lv««,» a^) OTor S^  aatio* 
fjriag tilt «aeio«o ; 
UEi-Cx : O.(?;o) - • ! • •a C Z l»(Pif«i)] , a^. a2 ;« o 
lAiaM a^^ aii«i aj aro oofutaata aad ptQ e J • (o#l) X (Ofl) IT 
l (o .y) : 0 i y < l ] t J ^ a , y ) : o < y < i ] . 
Mia»^2 • ^•^ FfO e djij and l?,f ^ n^ » f^li ta-iiafiaji tho pi^orty 
M22i-<?3 * ^^ *^^ ^ ^ * ootttinootia foaotlon of ita ai^ tnia&ta* and 
4£^9i»C^ : lot tlioiw IMI ti aqoipvetiibla arai^a aad ineidantally 
thair aofltvtioaa, oii» mtaia* axa oqiiai, fhan, lot 
Q (i ! • 1 I V* ^ n «(l.-n)/Hx 
(58 ) 
^iHmm w • 2, 3t . , . and R > o, l' I . 
fhBm AMiaptioiM am in m mam jtict v&t^tmai^ata of 
BMIHNK tm& Iitiib«*8 »«iiai^tiofi»« Bow «« ti«v« tlie follow log 
IS .^§I 4«2«l« 'Hio Bi«a8»«« of laaooeirftQr 9»tim4, in Ci.3.6) io 
naliiiioty AtternlnoA bjr tbo axloiM 0^ • 0^ « 
To faellltftt* tho ^voof of tho thoofvn «« givo th« following 
l«9i9M : 
IMM ^.2.1. ft9m 9xlm9^i a&A C^  i t io not iifflottU to obtaia 
tbo fOQetlofM^ •Qtiatioii 
_ a , ^ l/n 
[ £ h(tt^;v^)3 . . . ( • .2 .1) 
i^v (p,q)» (Hff) € J, 
4«2«2» Ttit ftmotioaal OQiAtlcm (4«2«I) oaaitff t ^ oAlQao 
Hp;%) • ( - ! ! ) p* «^ . «. g |« O . . . (4.2.2) 
(59 ) 
li(p,a,) • o <» •••(4.2,5) 
WSSt* ^ t e« a* •• V9 «• t» wt St 7 wid B b# aqgr poaitlvt 
r 1 «(«*e)/(tHi) SUA 8 Jt x(v^)/ OcHvK stttiog ts • d««n, 
n • » - • • It 
Pi* I . Pa"-.** P«-i* «• V f • "2 " ••• • «*tt-i • ? 
<lt - I f <l2 •*•••• %.l* jr 5 n • I • ^2 "•••• 'n-l • i 
la (4.2.1) m get 
h( ^;—)*(d-o>li(—,' — ) • (v^) h( —; — h(d-o)(f^)h(—:—) 
dr tx ftr jrx dr t s «r / • 
- (- S) [ h ( - ; - ) • (4-o)ii(.;-)]l(-,- - H C M M a ; ! ) ] . 
•1^  d t d y r x r » j 
. . . ( ••2 .4) 
Pvttiag o « « « « « * « * l t S * * s «ad t *• 7 in (4«2*4) Hi g«t 
he • . ;^>- ( - : t ) h(-t* - ) l»( S • ) . .• ,(4.2.5) 
dv jn i^^  d jr V t 
Ag«iA Mttiag • * w • 1 and z • s la (4.2.4}» «• hxf 
( 6 0 ) 
O S 1 1 % R l l 
«h( - ^ ^h i?(d-«) h(—; — ) • (- js.) tfeCw - ) . 
dr t s <r j s S]^ V I 
[hi s - ) • («-«) fe( - ; - > ] 
A t « y 
and tlita tttUiiios (4,2.5) «• «>btaiii 
n( —; —) • (- :S) h ( - ; . ) h(-. ; - ) . . . . ( 4 . 2 . 6 ) 
Ar t s m^ A t r s 
OfkM •gain taking o • • > 1 and t « jr In (4.2.4)« i»e gtt 
• w I I a » t l l 
mi —I — ) • AOp-«)h(—; —>- (« -*) d!i(-; - ) . 
Ar «y Aar jrs m^ t f 
L h ( - ; - ) -^  ( M ) h ( . ; - ) ] 
a»« apply (4.2,5) to gat 
h( —; — ) • (- :S) h( • ; - ) he . ; - ) . . . • (4 .2 .7 ) 
AT xjr a^ A y r x 
Finally oalng (4.2.5)f (4.2.6) and (4.2.7)» (4.2.4) gl*ta 
h( - V —) - (• ^ ) li( - ; . ) Ii( - ; - ) 
Ar tx a|^  A t r x 
tluit la 
h( pu; « • ) - ( - ^ ) h(p;(i) h(ti',¥) . . . ( 4 . 2 . 8 ) 
( 61 ) 
for a l l erA«ve4 paii*« of rational nnaibors (pt9)t (»#•) ^ ^. 
Fvon tlio ooatlmilty of h^tqit It follow* that (4.2.8) In TallA 
for a l l V9X (p»9)9(tt,T) e J. How for 
8c <p',q) « { - i i ) h(p,'q) . . . ( 4 .2 .9 ) 
tbo rolation (4.2.8) glints 
k^tti qY) • k(P ;q) lr(u;T). . . . (4.2. l '>) 
Tho !i»«t gontral. ooatloBOtts ooletlniio of (4.2.10), of, Keml {19U)$ 
art glviaby 
lc(p;q) - p"" q^ , ct . 3;« 0 . . . (4 .2 .11) 
k(p;q) - 0, p,q e (o , l ] . . . (4 .2 .12) 
lAleh, In Titw of (4.2.9)« g l w tlia aolotlena (4.2.2) and (4.2.3)9 
vaapaotlToljr. Tbi* protva tin lawaa 4.2. 
fimi QF TaS Timf31ffitl» <»batlttttli« (4.2.2) In aslo^-C]^, m havo 
a,(P,Q) - • ! [ I - (^ E^  p? qf ) ] . . . . ( 4 . 2 . B ) 
(62 ) 
flu 09iii««iit« t^, a ani 0 in (4,2,15) ««r •tmilf t»t o^Uliitd 
fvei tl» maxliMllty eonitrmliit -C^. Thin glr«« a^^ • B/Cl-l), 
« - I •na J? • R-4 and %litf«for» 
This pre^e tb« th«oi»n« 
MS&SS* ^ (4.2.2) for tt " o ana P • o, h(piq) • (-•^/•a)^ *• 
ft trtriikl •oliitloii tihloh i« of oo |jit*f««t« 
?!it 0Olit«loti (4.2.5) alM In to b« dte«fti?iffd aa it ao«« not 
•v«a oemaln the vaFUiblas, 
4.5 gn^gSBtM .MB ,S<^ », JlffiQS?Affi HiUIIQIS# ^ M prop«rtl««» 
BMMljr oonftineity moA wmSxmlitf in m wH^ mt li«^« oea«ia«F«4| but 
*« axl^ iM rmtbcr ttisia pii«p«rtl««, to wtiratt tti« oli««ot«rlzmt lea 
•f tbt vtaaurt ( l .5.€) . Tlw axpaaaiObililr aad Qrm^trleitjr « « 
^vioB«. Balev ip» didOSM SOM ottMr »t««on§l>l« px^aitiaii. 
P,<P»ltJI>0-AroiTiyift). For lndop»Qd«Bt piobt3>il.ltioa PitqitQitViJ^ 
9 • a a 
(i • I f . , , m; i - l , . . . f a), E p* • 2 q- • £ e." E v, • l 
m Iwfa tht velatioa 
( 6 3 ) 
fliiff lapli«ii that HJ^(P;Q) pesMsM* pMttio-additivtt pfoptvty. 
^i 4 *^ i Aoeordlag MI R { I 
« R^ l/R 
( £ P o^.^  ) 2 I aooefdlng M R ^ I 
irtiioh ott i^pljUig Mrtaia opwratlottn giv»« 
£,(i^2Ss8iaS&JX£X). w« ka»» th«l 
R r m f R—l 1/R 
. . . ( • . 3 . 1 ) 
( 6 4 ) 
^ cz c ^ ^ II-"! 9 t '^/^ 
. . • ( • .3 .2) 
PX* P2 Pl* P2 <ll*q2 « l* «2 
R ^ l ^ - 1 ~ ; 7 ^^t "^2*^2 1^ ] . ...(4.5.3) 
0»ti»lAlng (4«3. l )t ( 4 . 3 . 2 ) ana (4 .3 .3 ) t m ooaeludt 
Hi,l^^»»»»»P«»^»»»»»^^ ^ ^K»l,R^l*'^2»P3»»*»«P«»V^2» 
Pi ]%» Q l ^ 9 
<l3f...«t-)'»'(P*'*P2)% |i( •'••*•'•'# ""—-S*^^•-&—,—!• ) 
• PX*Pi Pl*P2 %*^2 ^"^2 
q ^ l tB« q^  , ( 1 • I , . . . , m) 
1 
(^ Ej^ P^ q^  ) i • « q4(^E^ p^q^ ) . . . . ( 4 . 3 . 4 ) 
{ 65 ) 
riirt1i«T«iert« f©r n > I of» wgr murk that 
• I/H 
( I Pi^i*^) -i •»* *1 • . . . ( • •3 .5) 
lasqMaitUg (4«3.4) MIA (4.3.5) fUU 
« « «li 1 ( £ Pi<ir^) i • « «i( i P i «l > . . . . (4 .3 .6) 
Fro« (4«3.6)» t«kU« i! -• •• lit clitalii 
n ^ «• 1 * l i ^ • 1 
waA, timlls* th«mifox« 
Ll» H (p;o) • 1 - aw q. . 
Thl0 l^pllts that tor Usg« dMioos of R tht n-4iom imownef 
avpaaaii MUU^ on tht wfOLimam tmmrtoA prdbobUitjr. 
AaA thiiii m havo arrivod att a v»iy iaportant rvault thaf^  tht 
omSlBatioa of iaaeooxttogr rtquiroo no ooftpntatlon at a l l , provlAtA 
H it larst onoiiSh. 
In «hat foUovt «t glTO iator rtlatloaifelpa aiaoas toao 
InaoonraBy lataonivt. 
( 66 ) 
1?HF0«?S»I 4 . 3 . 1 , W« h«ft 
(I) ^ ^(P;o) [ l -2 ^ ^•^ ] for a - n 
(II) i^ H^^ <^^ ^ " — [ ^^^2 ' -D H ,^^ p(Pr^ ) •Ij] for 8 • K 
(III) i^ J,(P;Q) ji .^R^ J^*^ ^ If H J 1 for a • n 
frtitvt ^ jj(PtQ) *n4 H^  ^(P;O) hftvt already been a«fln«d In (1.3.4) 
ana (1.3.5)f s««ptoti¥«ly« 
3^QQ£. Thm prooft of (I) and (11) *«• Btiraight-foJPrard along tha 
llaaa o^ tbaoran 3.2.1 with the notions of daf Initio e« (1.3.4) and 
(1.3.5)»x«iipaotlvaly. Part (III) alao la aaaily aflftabllabad by 
m |, , 1/1 
tba Inaquallty log x i x - 1 talcing x - ( E p^ qJ**) » for 
a l l R > 0, I' 1 . 
4 .4 QIWE'^ ALIZED P«mtIIXX.ABDI?m QODim UHlOtaS FOR PEIlgQKAX, 
pn(B/iBIL|7Y qO|?i^ r^ ^laalana ooding thaoww for 1hanrion*a 
antyopy with ordlniuty naea coda langtb (1.4.1)t KHABT tb« oonatraist 
of tmiqua daolpb«i?«iblllt7« has plograd an iapovtant tola in oowaw-
nloation tbaory aa It i^wa bow to Qlu>oaa tba ^at aff loiaat oodaa 
•ban tba fveciuanolaa of diffarant na«ai^o ava known. But in 
(67 ) 
I»7!ft0tlo« Ihls 1« Ml AMI tb« oast ana th« p r^i^ ofial prf^tSbili^ 
ood«« havv to be uiitd insltad* 
Itt thiff Metl9ii» 99 gif goMraligtA ooAif^ thtoiwn for 
pcmoatfl pr«bfll»llltr eoi«8 V oensiacrifig nomiralls^d pfNiodo-«dAltif» 
s»afmf«9 of iaaooBvaoy for lii0ras)l«t« psobalbltity Aietribiitlons. 
Bgf:^yriQ|^^ for aim gmmr^UmA i»n>t>il»iUtr Aivlrlbiitioiii F ftfid 
Q € &2 «• Mis^ oiit tho gontvftlisfttloQ of Cl«5*6) in tlio for« 
m 
!^ ,^(P.-0) - ~ [ l - U Pi«J*/ J Pi) ] . . . (4 .M) 
II a 
, la tho l ls l t i i ig irhtr* H > o, |< l» £ p^S. l^ tm t t i X ^
oa«« H - I , (4,4,1) tondo to ^ (l>»Q) ]»roviA«a i: P|^ H" t q ,^ 
%s« gosofftl tovn of (1,5.6) i« 
a R U $ "^"l • 1^  1/li 
ulitr* H > o« ;< l« ( > 1, aod £ p« i 1, fh« advanfeogo of iiitc««. 
1*1 * 
AnolBg; Htm poramttoi* p ime l»ooii oipliiiiiia oarlioF In Motloa 3,2,i 
?o oovor a mutSk vMor elaos of l*»aox« liiaoey]*aqsr ttoaimrop m 
ffOfthmv formal loo 
( 68 ) 
t» ifeloh 'rt > o, f* I , 1^ > I , anfl £ f** 4 l» % ©all tlm fmiotioii 
* l«l 
A Vyi 
Cl«arly» U . , • I for oaoH 1 and £P^'^l~?.q, (4,4«3) f»«BO«» to 
(1«3«6)» 'towov^r, i^ hsn ^ •• I, (4,4,5) eoiwtmt@ii to g«ii»f*allwA 
itm&ewtmf ©f orA«r unity and typt l f | ] ftuo %o Ratlii#Cl^O • ) . 
QoiT©frontsIr^  to tli« noapiii*©* iiitroi)iio©d in <4,4.I)t (4,4.2) 
ftaa C4,4,5) m «miooiat« th« ^aorftllmdl mrwmm ood« l«tig^8 ft© 
•i|>i«»p«d in (3,4,l)f (3«4,2} and (5,4,5)f Kti^otlvvly, '^^ inUr-
eoontetioiis (m& ©l^ plo oooMcmtnooff of timm leagthe htsf 9&rlimv 
b««B oiqploma in aioti^a 5.4. 
Me i ^ l l nofT tdfeetolitii a xwwttlt that la a m^ ehar^ttrlsos 
(4,4»l)t (4.4,2) and (4,4,5) aiflwUantoitffljr, #• gi'v© th* aniMloaa 
eodlng thaortma for p«FP«nal pmbaliility oodoo in vhioh m oon«ldov 
tht piS&do«adAltlir« t*iK>m iaaeeiiraoy and tb« p««udo«>addltlv« 
ttvtraga laagtb of typt \^ ^^ f , l ,o, I^ *(?)» satisfyii^ tba 
eofidltlofi 
( 69 ) 
^%m Ui • I , and p|^  " n.gii • l f . , » • ) th« latquftilty (^•4.4) 
eorr«8poiiiAfi to th# u9«ial Ci»aft»» intquAlity. 
q.:?apt 1^ ffljQH!^ MS. 09 shAll 8tu4r tht iiJMrftlliBd p««tiAo«addltlV9 
eodlBg th«or»n« for pcrneiial pxobiibilltj oodtt* In thin r«gmi*dt 
t© obtain th« tcvy>#v ^coA for (5.4,3) in towip of (4,4.5)t tin* 
felloiplng thooro'n i s of InlorBst, 
Wmm 4 .4 .1 . for a l l iiittg«r« 0 Ut ipl^^, Iq^! ana \r^] 
•atlffiy (4.4,4 )• than 
H^ <^ > -i ^^,t ^^ » ^ -^ ...(4.4.5) 
Banality holds in (4.4,5} ift and onljr if 
£S32£. VB uao Hel€ar*0 InaiittaXlty aa dafinad in (?.4.6) and oat 
p • ( R - D / R and q " l-lt to gat 
( t p .* B ^ A Pr) (t Pi^qt /S p.^) in * in * m^ * m * 
( to ) 
With tbi notloB of (••4,4)t m haft 
fnithtn f»l«la8 th« po«R5? o^ ( t -DA of t>c%h th^ oidoo, m h«m 
« ^ * i i ^ * i«i*i * * i n > 
•r 
( £ PI !i * / S Pi ) 4 ( 2 Pi ^1 / ^ Pi ' ••,C4.4,o) 
i n *^  i n * > m * * 1*1 * 
aooAvAlng ae ^ \X. ^Vt mltipl^ hf «4.t oM 1 anA thoa f»jiltiplj 
hy H/(lt«4) on hoth tho •!«•« of (4,i»6) aaA in view of %ho iofiai-
tloao (4,4«3) and (5*i«3)t oh tain t ho iaoqaality x«QBii«a, fht 
othor past of th« thooi^ tn ia oalsr to provo« 
low «o pvovo tho folloviiHI tlioovoa oofloovaiBg tho loagth la 
tho M^ ^ ovAer oxtoaoioii oaao : 
tMSMSi • . • • 2 , A goAoraliaotf prnvOo^'mmitiw Uiigth ©f typo \B^) 
poif iopot afilbol ma^ ho laAo athitvapily oiooo to H^  (^PfO) hjr 
iaooAiiK Miffioioittl^ long aoQOoneoo of li^iit asTtiibelo hot it io not 
pooolhlo to ooaotmot a pontoaal eodo ohooo goaoreliaoA p««odo-«aiitifo 
( n ) 
ood* Uostli is U M tliiui H^  t^^t^)* ttB^v tb* oonditloB (4.4.4), 
m.(pf^ lm% a M<ia«Q09 of lopot «rHfeol« b« giMmte. d InAvpeii^cnllj 
iilt»r% •atoh fgmjbel i» ^•txtwd by difftrfbiitloii (p|^ t«**t P,). Oo(uil4er 
•It li^ttt Mqntiio* of IfQgth ^ t osr 0 * (i^»*«*» A^) • iilu»i« 
*^ • X* t . , . t »!f • * i • "^^ probablll^ of e In glvon by 
l«t b« tho longth of « eodo stqiuiBeo • in porfiotial eodo «a*;io» 
fylng (4,4»4) and lot %li« gontroXiooa oodt loogth of tfT^ l^^l twt 
tho '^ooqsoaeoo bo dof inid • • 
^ i (P) . f ^ - < £ P , ^ / ^ P | i n ...C4.4.8) 
oliiipo tho otmaatioA t oxtoado 0for tbo m aoQUOSeoo • and p^ 
•ta&dii for tho prodoot P|*l p|7* ••• P| • ^^ fonorollood 
pooodo-odditlTo R-oom ioaooiiroor tor this proditot opfkoo io glvoa by 
"•l 0 0 
nhoxo q^  • q« ^i^**» <li^ *•• ***• inoxaot probability of o» ao 
aoooptod by mi oxporlnontor, vhilo the tmo p3?obal»ility io p^. 
( 12 ) 
Fi©« (4.4.7) «!« C4,4,9) it follows ftha* 
( 2 P. <l. / ' F. 5 • ^ ^ »1 <ll / \ Pi ^ . . . (4 .4 .10) 
•0 that (4,4.9) ana (4.4.10) Itad to 
Hew lot tt8 aosiitii t tet liho lAtogor B^ mtinif tbo Inoqitollty 
-R leg q,^ log j^C £ p^* «^ / S P / ) 4; ii8< -*^  lo«^ q^  * 
• logj,( ^ p / q, / ^ Pg*^  ) • I . . . . (4 .4 .11) 
^ eaeh a eqoale the left noflfcer of (4.4.11 )f then ebvletielir 
Further if the mariher a eetimfiee (4.4.11) for eaeh eeqcoooe 
Of for 0uit;al>le pemonal oeAoi then the imiber n^ ehe&lA eetiefy 
' »• % B " i r. p / . . . (4 .4 .12) 
eo that there ie peettdo-add it ife pernonal oote wltb length n , 
Aloe ffOfli (4 .4 .U) , 
( n ) 
l o g «»—•««»"*— ••••iBii.iiii ••. . i i . i . i-i . i 2 " f t . > I © * M»«HanWMaMM|M|»<l«MMaM»«MIBMB»««Mi[^ 
( ^ p / q. A p / ) a p / n^  /^ p / ) 
or 
III IMIMWIIHIII Ill III • • III HUM mmmmmm ^ D ^ MI IJHIKIW iwi i i i • —m wnn i i y — n — w » ^ 
(%^ q, A p / ) ^ ;^» ^« ^i ^9 ^ 
For 'I > l» ral«i t1i« po«»r t»jr <«*4)/Rt awltlply toy p.* / K p * , 
ftHA tli»fi tq^n •unraiQK for a l l •« «» got 
( i: P.* n. / 2: p / ) 2 ( : P.* i> ^  / 5: s», ^ ') 
> C^' P,^ % / K p.* ) t> 
0 • • • • 
?hio toso«ior «l«h (4*i«in) glfoo 
??*w r5ii«o tho powor of both tho oidoo to 1/^ » 
1"»1 l»l O O • 
> C^Pl* Qi /^4H^5 !) ..(4.4.111 
( 1 1 ) 
rifUiUyt for ^ > l« makim Q»o««ftc?isr epar^timm end eti l l i lag tii« 
Mlatleiis (4.4.3) and (4.4.9) om iwer • » ! • • at 
wliittti <iiair •qttiTal«B%ly b« «ritt«n an 
\ ^ (p;o) i .|i*R* (i>) < H,*H (p;o) B * -^(UD ) 
. . . (4.4.1 ) 
vhloli Ifl «li«ilar to I«||* (P) but for tlit l xoot of th« oxpfoMioa 
, IM -n.(R-4)/R^ I f i K fii 
( I p.* T5 • / ^ P. ) «»t«»wilBtd for tht ^'^ or^^r piwdnot 
• • • • 
ooAt. This sor thtrftfO]<t bo ao«eri2»od os ttao potado-oddltlvo Itngtli 
pmf toput «sr«i»ol. Aim ao ^ - •» B^ "^"^ '^'^ ^ - I and Ihomfo'^, «o 
oonoliido that ^ * (p) - K^  J (p;*:^ ) ao ^^  - « . 
For 0 < n < 1 tho proof of (4.4.14) follows on ninUar liaoo 
by aotlelac that «io Inoqoallty olim of (4.4.19) i«« rowmoA If 
R < I . 
"ffelo ooq;»lot«» tho tbo'^ ron. 
( 75 ) 
Hfmytg- ?fo«%h« pfdVloM dinouffiiloii it l9 obTiou* that tht 
InaoeemMr neai»r«9 (4.4.1) »nA (4.4.2) BT9 the partlovlap cag»a 
9f (4.4.3)» AAA thus the theorene 4.4.1 ftod 4.4.2 ftleo heU for 
(4.4.1) eiiA (4.4.2), with the ftppr«prUte ehaagee ^^oottree, end 
heooe their oharaoterlsetltfi follow. 
• 
If '^ l * ••• " '^n • »^ Pi • H ^^^ •••^ If «ad 51 pj, • I , 
then the Menlte of theee theeiwie holA like ooAing theoro'? of 
n^mtm entropy doe to Boelsie aiiA Liabhe «hleh oao oho aid expeot 
netnndly. 
If p. • I for eaeh i , £ P|^  • I • E (||,«aA n - I the reeulte 
* i"a * 1*1 * 
etet«d here also hold for Kerridge inaoeiirecar. 
smzssML 
uumw m.QMMim mmytmn mmm:^ 
5.1 3y?^0TO?|Ql. Am the t l t U of th« elii^«i« ioggef^ta, h«i» 
«• studljr a panaitrio •xtemiioa of 7holl*t Infomatlon iaprov9nwiit 
funetion (l .5,2), liidoodt after the eppearanoe of %t^l*e (1961) 
paper there aliaoet have been a flood of papers oonoernli^ paraiaetrlo 
aeaeuree of ecttropy, aireet«d dl'vergenee and geneimllsed dlreot«d 
dlTergeziee (aleo ealled Infomation ln|>r07eii!eiit) otc, Moet of thtim 
papers oontaln one or nore parameterfi. though em 'sasr feel that it 
1B f|ulte unrealletio to A»mm the prior exlstanee of the para«» 
i!ieter(«) reiider^ -^  axiottatio chartiCterlaatloaCe) of 
the iiea«tt?« (e) ttudf^r oonelderatloa highly artificial and unnati ral, 
OfeottPwe, there !• no ham If the paraaet«r(e) arise (e) in a natural 
way aa e^Dyi (1961) did. ^ i l l we feel that it ie not eholly undo-
eiroible to aaeuae prior exietanoe of paraiMter(e) heoauee after all 
it if* a wa^eiatieal entity and it« utility or «oite(bility imy be 
found later on. And perhaps it im the latter view that many reeearohere 
8t;^ 0er£be as they have under taken a lot of para^trio study. 
imt Q ^ ( t l» . . . t q )^ fi 6^  he the probabilities of prediction 
( 77 ) 
(prior probrt)llltl«») of %h« tT«nt« Bj^,»,,, K^  Aiwioelattd with worn 
%xp%rimfiit E, and Ut P • (p|^,..o p^) € 6^ b« oorr«iq>onAliii trut 
peorile 
prdbatolll*:l*«. tlth thin att up mwij/h«fit eharaettrlstd th« quantliy 
(1,5.1) geiMirally known M thw KuXlb«ok»i» litfowaatlon of tho foro-
oagt. '^•iottoljr 1^Q« foreeawt Is ooro Yalatatolo «^on tii« posterior sat 
prior prtfbabllltlss aro olossr iiore ana laors. 
In addition to o € &, • Itt S • (T^9»*mt T^) ^« **»• rsrlssa 
proAlotlon9 wlills P • ^PI«****PB^ ^ a^ * ^ ^^ '^^ ^ pTObatollltlos 
rsallsod aftor sotae oxpf^ rlownt. TIIOB for the trlplot ?« Q, It e *^  
fhsU has glvon ths ** info relation iaqprovwnsiit ** iisasitro of th« 
fom (1.5.2). 
?hlo quant i t j Is wldslf oosd for oowptttli^ ths ehangst In ths 
eost of llrlng* rsal Inooos ov«r tliss and dlffersnt ro«;lons pilars 
an iaportant rols in ooenoiilo analjrsls and sonres tho psrposs of an 
i"^rtant Indsjc fsEfoursd by somo soonoslstfi, %rt0¥srt this is also 
ttssd in bohafrloural solsaess» InfonAtlon thsofjr and statlstlos ete. 
Various oharaetsrlsatlons of (1,5.2) and its other gsn««^liasd 
ferns ars arallable In the llteraturs, Khan and ?.aheerud l^n (1977)* 
through a four parceietrle generallBatlon of Ohaimdy and i^tol«od*s 
( 78 ) 
trttiitlonal fiuiotional •quatlon la tbnt •arial>l«ff, ehariiot«rlM4 
ft ( )-ififor«aition inproimmcat ^maiiiifit 
. .•(5.1.1) 
«li«x« o» B, 6y 9 > o af« par«ei»t«rs floeti tliat thi^ 60 w^tmm 
•imolt&ntottsljr t)i« valtit u f h{ P |^  e ) i^nvwr " 0(a • 6). 
^ d«dttM th« quaiititr (^.l.l) br •fl^ Ujrlsg: two diffemit t<»^-
iiiq««8 and takins diff#rtat Mtsof po»tttla.t«s. 
of (5.1.1} rwvr bo loTofitlgftttd undor diffex«at reotrlGtloaf^ lapootd 
on tho paroiattoro or on ttio proba3>llit]r dlotrlbtttione. to t«ko 
aeootmt too apoolol oaooo to povooo tho oxlomtlo doTolopfwut of 
tlM (^  ^Klnforaatloa inpswonont. 
fhon ond - , SMOOBM (5.1,1) fcol»« tho font 
« ? , , , P«-o • ! • _ t^-ci a*|i 
XII^.(P.Q;1«) - (2 -4) ( ^ ^ F i a i ^i -D.a |« e . . . (5 .2 .x) 
oad 
* ^ (Pi-iR) - (2 -1) ( £ pf q f - * r f ^ . l ) , f(6 . . . (5 .2,2) 
( 79 ) 
TttwftAi'nXy, "^ bt r»la4:lon «blofc ooiif«Q%« (5 , l . l ) with <t>.2«l) 
•M (5.2*2) la founa to ^ 
«li«r« a^ • 2 ' ^ -I and M^  ^ • 2^^ 'A , F?wa noif on m will ost 
tli» aotfttlonc \ g and »^ 0. 
Tor tlM ^ai<«ot«risatlen of additlTt and aon»HitdditiTa Info mat loa 
vaasaroa %lui bruBfihlog ^Titp9vt9 has %aaa at ivaa^ iaportafioa. Yiawlns 
this pxoparty diffazvntlyt «aqar pxo^laaa of iattmst ariaa. A fara 
of tha bvaaohlng propaz^ a« appllad to tlia valatlon ($.2.3) ia 
oaad to oliaraot«irlea * ^ i,(PtQt^), 
Aaaant «^ " *it ^ \ ^ a^ * "^  (y^^la) and lot ^Z^^^ ba a 
aaqaaaoa of aapplns ovar S^  ahieh aatiafUa tha following aat of 
ajciasa : 
foaotion of itn variabloa, aharo p t^ q^ t r^ (i - I , , . , , «•) oorponpoad 
to tbo aaa» oirant K .^ 
M1S^1>2 : P«JP a, p, &, 9 > o and a I* 5 0 >* 0) ateanarar ^^(e-6),lat 
( 80 ) 
AiL OKf.'* «t^2 .r5t .—r. ) - ^ ^ - ^ ^ ^,n»2) (<li*^2> Crt+Tg) . 
^.r'^ft.e 
2 ' • 
•* Pi^g' Pi^2* <ii^ 2*'ii**i2* » i V n^'a \B-%^ 
» < l " l ' ' ^ ' V T i ' t X * / e S a «V — • • • • ^ — - • 1 1 - , •••I "II" 111^  mm •,) i . i»i , j«-i . i i i_«. ,_—_•; 
l - Z 1 2 »nB,i p^ 4p^  p^ «P2 ««1*«I2 t l - J z ' l * ' ! ' l*'2 
iili«7« Px*P2 ^ ®» *^ l'*'^ 2 ^ *^  * ^ '^ "*^ 2 ^ *• ^^^ «ssloa ^mrftrnw t\m 
braoohisg pzoptrty, 
i^lIQ^P, ; If tte ortgiiMil *ad VWVIMA pswdiotioni* art mmtltimn 
infervAtioa l«pi!«T«««iit i« Mro* That la p^ ^(Pf o,* R) " o 
tghaBarer q|^  • rj^  for all i»a, Awr^  <^^8. 
Furthar* aaaoM that tha ftmotion ^f| takaa tba Taloa sni^i 
tltat la 
S«|,2( I. 0-. I, a; I , J ) - 1 . 
Balav «• proTa tha eharaetariaatioB thaoraia, 
l^ t^ Qg^ ^ 5.2.1. flia C"*^ ) -iafor«Atl©n InpvDTeaaat em aeflnaa 5a 
( 01 ) 
(5.1.1) i« ttttlqwily d»tfB8lJi«d toy th» taciamm Bj - T)^ . 
To prove the thooToa w f ixrst nood wotm intenaodiato iwniidtg 
mm baooA on the vtatod axiotts. 
p^!tm 5.2 .1 . l^ or a3*l«jrai!y u, •» « € fo.lj • It eoasldor 
Jx^^gCtt, i -u; • . ! - • ; w, ! - • ) - t («; T,- • ) , 
Jjc^  gC u, 1-e; V, 1-T,* w« 1-w) » g( tt» Tf w) 
l^l^gCti, l-m; • , !-•»• w» l -«) - li( u; T,' W) 
thou 
f ( tt,* T,- w) • f (l-Hi; l - r ; l - « ) . . . (5 .2 .4) 
and oiallar oxpzviisloiit bold for g(u; Tf w) and h(u,' Vt'«). 
£2QQ|£. Fm« aaeioa->B|^ 9 vhao m •> 3»lia'«i 
S^e^, (PltPgfPjt %• <l2» <l3t ifx» »2« "^ 3^  * 
A , 3 ^ * 2 ' ^ » *3'» ''a* **1» V ^2* ^l* '3^« 
In Tlaw of axla€(»i?, uhloh giipoa 
( 82 ) 
>W 
. ( r t*r , ) 1 l^ *^ 2 
• JtZ M ^ " • • " • • " • • • B • ( • • ' • • • • • ^ • • • • • • • • • • ^ «»«*t««|«»^l*«««MW»»«»j«»"«»^'""»/ 
* *••* n . ^ n . n - * « ^ n . + n - 0«4-n«. « S * r - . «»••*« PX'*1?2 '^l* ^2 *^ 1'^ 2 *^ 1*^ 2 ^ * ' 2 ^1*^2 
5,e a«« la 
^5.0-\.r 
(Pin»2> ^^-^2^ ^^1^2^ s % , 2 ^ r 7 7 " ' 
•••MMMBavnpZ «*«MMbi»<aB^ a l M H i ^ M M B / ^ 
q^ q^g qj^ + Qa V "^ 2 V ^2 
Pi* P2 Pl^pg 
«2 ^'*Pl»P3»<l2*^l»<l3» '2"**X'' 
•r 
a»> ^pB 
P j , 
Pa^Pi P2*Pi 
• -2 — * — \A ^ , 
w 4«9 
«32*qi ^2* Ql '2*^1 ' 2 ^ ^&.9- \ , 
e ^ 
(r2-r x ^ l-l . ,^ fL.- J L . J L . - J!i-. "^  
* P2"*Pl P2"*J^ l **2**'^ l %*^l '*2^l '^ 2'*'l 
Cpxn>2> (91^2> (r^^g) f4.2^*"^^» — * ^ • 
q^^a ^1^2 *i^2 '1*^2 % . 0 - \ . f 
6 %mi) ftanf 
- (Pl.'^2^ *^*l" 2^^  ^^l**2^ 
6 0 2 *"" ™ * f — " • ' — § — - ^ - - f m i ^ w j ^ •••&•• <»| MMMMSMMM*^  
* Pl'*P2 Pl'^2 H*^2 H^2 H^2 ^t^Z 
( 83 ) 
- •-. o B - a 0"»P ^ ;^  p j Pi 
^ e 
(iP5*r,) IK^ J , ( — ^ , —i-^* —2«,—!- • >-Vl»,^  —L- ) 
/ *• •* p«*p* Pn+Pt Q^ *«at Qo-Hj, p** p, p^*ts 
or 
P2*Pi P2"n?i q2*n ^^ 2*^ 1 ^2^ ^l '2**1 
fs^ om^ PI q^  r» 
(^••r^) g(—a—;—fc—; . . . i^ i . ) • (Pin>2) (Qi'^a) (n* '2 
P^*p2 «1x**^ 2 '\**2 
'^StG & Ck'> ^-^ Pi If «S 
• " ^i-*Pg) ( i^^ qj?) <iPi'^ 3> h(—a—5 - - l ^ ; — i . ) 
\B-\.B P l^2 ^1^2 »'l*'2 
p«a •^^  . P : ^5 (P2n»i) (qg^x) (i^2*'i^ «(—*—,• - - . A . ; —S—) • 
*2"*^ ^Z^l ' 2* '^ l 
&,© 6 a-s 6 ^ p« <i-. p-
^5,©- % i P2^l ^2^1 ^2^1 
i*MW« Pi+Pgt ^ii'^g* *1**2 ^ ^••^X 
III relation (5.2.5) taking S • 6 and « • P,wltfe th# iw^ttl-
-I ttttlan p^(Pin>2) • o# <tx(qx*«l2) - V ana Xl<rx*'2^'^" •• *• ***^ 
g(tt> • , - » ) • «Cl-«,' 1 - T ; l-ir ) . . . ( 9 .2 .6 ) 
and 
( 84 ) 
h(uf vf w) - h(l-o{ l -T | l-w) . . . ( 5 .2 .7 ) 
r t i p e o t i w l j . How (5.2.4) !» followed lor (5.2.6) and (5.2.7) in 
Tlrtu* of asio»>D2. 
iai2BL5,2,2. f (tt, • , w) doflnod In (5.2.4) ts tho mlqm ofautioB 
of tbo ftmotional •quatloa (5.2.10), glfita btlov, onder th« bonndaxy 
oondltlorui 
f( oi o; o) - f(Xi I; l) - o. . . . ( 5 . 2 . 8 ) 
£SS2fi£. ^ ^ « * 5t uloai*!)!^ givoo 
000 •xioB-B, to htan 
14.2 (Pl^2'P3'^l*'2'*5''1^2''3^* r - ~ ~ (^I'^z^^'^^ni^'^(:^i^2^ 
• Px'^2 Pi'*^2 '*l**'t2 **l**i2 ^'^2 *1"^2 
^&f9 6 e-6 &-« 1 J Pn Po 
* M""*:;— ^ ^^"^^^ ^"^^"^^^ ^"^"^^^ ^^ .^2 ^  rir* r!r • 
^6,0-^a.p Pl-^ Pa n ^ 2 
^1-^2 '*l'*'2 ^^2 ^'^2 3 2 1 3 2 ' * 1 3 2 l 
( 85 ) 
• — — — (Px^Po) (q.^Qo) Of^'^9> 
\ r^ &.e i j - i ' g ' v ^ 5 ^ 2 ' ^ 3 * 2 
*- *•* P j * P2 Pj^Pg <l3*i}2 **5**'2 '^j'^a ^^3^2 
'5,0 e«6 5 ^ 
• a»—• 
h^Q'^ii (p^^2^ ^ ^ 2 ^ ^'^3*^2^ 
r^i (Ji^ JL^' Ji !«•.• - iL . J!k«.) 
• P3^P2 P3n>2 %*<l2 ^3*^2 '3*^2 *3'^2 
or 
% 
afp a , IMI «-fl mm It ^ - _ 
5*9 2^"^*V»^3*^3»^'*3*''3^* — — OI-P5) ( l-qj) (l-Tj) 
a»i^  / ^ *2 • \ _ % . 'X '2 ^ 
• I-P3 i-P3 l'-q3 l-<!3 X-aP3 l -* j 
M, e»6 ft^iO 
a-p,)* a-<i3) (i-Tj) J i | 2< — ^ t ~ - ; 
t 
l? 
l«p^ I-Pl 
1.. qi Mx 1-1^ l-ri % 9 - \ . p ^ ^ ^ 
( 86 ) 
^^•^ l-p^ 1-p^ l-QX l-<li l-»|, l - t l 
?io« tht ftpr>Iioi«tion of l«!iBa ^.a. l gl^ii 
1»<t Q« Ztt ^ A A ft €M& &«iO 
g( JJui -JL^ . • ! « ) • —SifL,^ (i^ )^ (uq ) ( i - r , ) . 
l^?3 M 5 l - r , ^6,0-W ,^p 
9i Qi r. \ , 0 a rw«t «-f 
1-P3 l - q , l-er, '^ a.i^ -^ S.© 
Pi5 . <5ix . '^^ . *»® ^ & . ^ - ^ - . . ^ ^ g ( J X ; J ^ ; J X . h -^  ' a - ih ) * (l-ci,) (Uf^) 
p« Q» r« 
•JL.; .JL-; — 2 . ) 
W x l-^i X-ri 
or 
f (p,U,;r,>+ ( I - * , ) ( l -q.) ( l - f . ) g(a—{-.i.,«.,.V.) 
% e * \ , p "^1^ 3 ^-^j ^-*3 
\ , , 6 , © 
( 87 ) 
h( -5%. ; -JL; —i- ) ...(5.2.9) 
l « ^ l-<Jj^  ^"^l 
•N»r0 p^, ^1$ r^, p^t <l3» Tj ^ l«ti)« 
In (5 .2 .9 ) puttll^. p^ • u, qj^  " v, ^i * *• P3 • «• qj * / 
and r^ • St «• S«t 
f(xiy;«)'^ —sul a-*)" (i-y) (i-^) g(—-• — • — ) 
^a^f ^6,9 ^** ^*^ "^•* 
ir. a ft 0-6 6-0 u V w 
• 2i§ ( i^)^ (x^) ( I- ,) h(—I —,• — ) - f (u;v;w) • 
^ S , © * " * * a , P ^ " ^ ^""^ •*•*** 
• — M — ( i ^ ) « (i.T) a-«) g( — • — I — ) 
\ .n-^6.e -^^  "^"^  •^*» 
• , — (X-m) a-v) a-#) ti( { ; ) ...(5.2.10) 
% . 0 - %, 0 ^-« ^-^ ^-* 
^%V9 »« • , «• Xf yt > ^ ipf^)« '^^i" l<^  A generalisation of the 
ftmotlonal equation ( 1 , 2 . 6 ) , 
Le*:ting Px"qi"«\*o an« P5"Q5"3P3 • 1 in ( 5 . 2 . 9 ) , ne get 
( 88 ) 
and vhiii p^ ^ • q^ ^ l and P2 " 2^ * ^^2 * **• ^ •^^ •^ ^ ^lv«« 
\ , i C'? '^"*^*^^-sCoiOjo)] • »l^^gCH(M,'l)-h{Oio<o)3. . . .(5.2.12) 
How, wtean 5 ,(5.2,1?) and (5.2.U) gtf 
g(oiOio) « g ( l ; l ; l ) • o . . . • ( 5 . 2 . 1 3 ) 
^laUarli't iik«A ' , «« haw 
h(o;o|o) - h ( l ; l ; l ) - 0. . . . ( 5 .2 .U) 
Tbarafevt, (5.2.11) In vlaw ©f (5.2.13) and (5.2.U) ylalda 
f a ; l ; i ) - f(o{o;o). . . . (5 .2 . l f ) 
*i«t itttin^ p^ " q^ « 1, r^  • I and pj • <?• • r- » o ia 
(5*2.9)» •• aprli«i at 
f(o;o;o)* — f t t i — «(l;l;i)4. ^«SL—b(li l4)-f ( l ; l , i ) 
now ainoa 
aiii— g a ; i ; | ) * — ^ — ha; i ; | )« f (i;i;J) - i 
( 89 ) 
(of, AxiASf**!]^  and D )^ •»»• f (©#©;©) - o. fhlfi togttfe«r with 
(5.2.15) gii^iii (5 .2.e) . 
1^^*A 5 .2 .3 . 1*bt •!io«t gtMral tolutlon of ttm ftmotlonal •qoatien 
(5.2.10), mtiwtjim (5.2.8)f l« tmlQOtl^  tottiwlrMid by 
. (tt* ^»-* w ^ •'ilHi)^ (X^^f^Hl-m)^)] . . . (5 .2 .16) 
la th« ns ion u, T, « € I, 
£a2Q£« ^ f5.2. l0) UM (3.2.4) to got 
f ( i - « a - y A - « ) ^ — ^ — ( i ^ ) * a - y ) ^ a - E ) * ' ^ ' . 
\ , p " ^6,© 
tt • W 
g ( _ , - _ i _ ) • -,.-&«g,-... ( i - « ) * ( i - r ) ® - * a . o ) ^ . 
l -« 1-y l -« ^&,9-\ ,p 
li(—,• .—,' - ^ ) • f (l-«;l-Yil-«)4 — - 4 — - a -n )*a -v ) . 
^-« ^-y ^-» \ . 1^6.0 
a H i ) ^ i . )®-*(i-»)*-®. 
X y » 
%ii •ii»otitttto o(l^)*^» x^t •(l-ar)"*« «2, ir(Ui)*^« x , , 1-K- y^, 
( 9 0 ) 
^6,9 
y* | | ^ f^ tiCxV»«2»'3^ ^^1^1* '2^2»*3^3^ 
•MNM 
\ , r % 0 * * * * ^ ^ iHE^r^ Wic2y2 
• ———.«^ ^^-^l^l^ (l-atgyg^ ^ " ^ l ^ ^ ^ g ( » — i - ; _ - S — ; 
i-«3 yj % , 0 * \ , p 
l«y. X'^m l«f« 
h( ^U. V -—fe— i i - ) , , . ( 5 .2 .17 ) 
f«p Xj, e [©,ij , y^ e (o , l ] , x^Ti I* 1(1 • 1,2,5). 
mm for aililtvaxy Xity^ « («,1), 1 « 1,2,5 a«f la* a ftiaotloii 
f tm 
a , I 
4 „ I'.j'ola n A 
PC«i.yi;x2,y2; z^^^) - f (y^iygVy,) • - — * ^ - [ y { yf^yf--
{g(K,*,X5*,Jt,)* — 
>,0 *lli,^' 
• (Wx)"a-yg)* a ^ 5 )'*^>C«i»x2t*3>* : -^'^ &! y f ^ yj"® 
^ Q— ft i^ Mld 
*Cl-yi) (i-yg) a - y , ) } bCx^-,ji2^*5^» • . . ( 5 . 2 . i a ) 
( % ) 
Itxt «• •siifiiit that ths F d«flfi«d in (5.2.18) i« mrw^trie 
la x,jr« that ! • 
^^•yi*»*2»y2»*3 ty3>* ^(yitXxty2»*2»^3»*3^ • , . . (5 .2 .19) 
fo iAio« thU flr«t writ* (5.2.18), ulth th« Iwlp of ( 5 . 2 . l t ) , mm 
?(«j,y^;xg,rj;«3,jr3) • f (j^yiiXg^a* "j^j^ '^  
?«*^--""- (i-«^y^)* (l-aigJ^a^ Ci-Kj/j) ^(xi$fii*2*y2'^ 
*3*'3> * r - ^ ~ ^^l^X> e i -«2y2)^( l^ ,y3 )0 -« , 
HGrir ;^ « 2 V V 5 ^ . . . (5 .P.20) 
^(xi.»yi»x2ty2»'^»3r5)» g ( — - i - ; *" ; mm,mZ«lm) • 
l<i<9i^ /^  X*^ 2^ 2 ^**5^3 
( ft) (——&-.) (— •<">) gCij^; Eg; x . ) 
l-«l^y|^  ''''**2'2 *^*3'''^ 3 
And 
l -y . l-3r« l-y-
H0ii ,y, |X3,y2^,,y,)» h(—--A-,- ...—i—; —.—2- ) • 
* "^  *^  ^ ^ l-^lfl l-cgjg ^-*5y5 
(J:2L)* ( ^ M - * ( . 2 ^ ) « hOt,; ««; «,). 
(l^^y^ l-Kg/a i-«3J^3 1 - 2 5 
( n ) 
mm to proif« (5.2.19) i t i9 f«<iolr»« to iteow that tho fuaotlon* 
0 ftiiA H AM aymTitrle. ?or t h U U t c. o i t i (5 .2 .17) aifcl arrlvi 
»t 
ft *^^  *. v**^ * # ^"'i ^'^a ^"^1 . 
• Cl-«.Jt) (l-«i>yd) U-aE«yi) g(*"'*-**!'^ *"•"•! - •'^ •"" ) . 
^ ^ ^ * ^ ^ ^-^i^i ^^^f^ ^-"^^j 
, . . ( 5 . 2 . 2 1 ) 
Sdbwtltnfela: (l-y|^)(l-Xj^y^)*^» y j ( l - l »2 ,3 ) l a 3 , obtain 
0(x^tyx»*2»y2»*9»^3^"'*^l» '^ Z* ^3^*^l ^2 ' 3 5(x .^*»X2»»3^ 
«hloli itt • Ir tu i of (5 .2 .21) y l o U s 
^^l*^l**2»y2»*3»'3^ • X ^ l ^ t ' « 2 V '3^3^ 
( l -« ,y , )® (l-Xg/a) (l-«5y3) !(••'"'•' W i';''"">&w'' ;>"'"«-gf). 
?hi« on u t i l i s i n g (5 .2 .4) prodaeos 
^K»^l**2»'2**3»^9^ 8(1-<X3^1»^"*2^2»^"*33''5^ '*^  
( i - « , y i ) " (i-auy^) ( l -« ,y« ) g ( - .—-f t^ •• ..^  .^s—'-"•'• ^ '»"). 
^ ^ ^ * ^ ^ i-s^yx i-^a'a •^*3^3 
« • ! 
^aln« tBttliig fi " (l-y|^)(l-Xiy|^) t l • l i 2 , 3 1R tht «!»•• «• «^t 
(95 ) 
* "^  ^ ' ^ ^ l ^ j ^ y ^ l -Cg^a ^•«53^3 
( k.)« (—-X-.) ( — J J U ) g(yijy2*y^5 
l^lfl -^*2J^ 2 ^"^J^J * « :? 
<llailaxlr, fdr - ,lii (5.2.1?) tl» ^r^^trlolty of H wiyr 
^« i^wn aaft thus tta* atntrtloii (5.2.19) holAii» 
!lbw for yj. • 72 * »^ '5 * ? ®^^ * •*^** ^4^ **>• •qoation 
(5.2*19)» with th* oea«ia«xmti0& of (5,2.l8)« gimw 
* i l - . ( 4 4-* x|-®*(l^)^a-«2) ' a ^ , ) ^ . ! ] . . (5.2.22 
7ho funotlon (5.2.22), for 6 - e ' iver 
g(x^iX2lX5) - »ff^ g ( E « » | - « , | - » *a-«i)*(l^2)'^"(Uai,)"* . 1 ] 
. . . (5 .2 .23) 
an* for o • r " - - -, 
(94 ) 
daaS Sod 
. . . (5 .2 .24) 
tatia«t«ly, (5.2.23) and (5.2.24 )# i» virtot of axlon -^Dg^  
A ft A JL_0 ^ ^ * ^ & - 0 -w 
.(xj 4 -^ X*-® ^(i^^) a^g) (iHK,) ) ] 
foip a l l Zj. e (0,1). Ih gtnoraX thle fonwla 1« txfii* for x^ e I , 
i » 1»2,5 ae i f obTloca froa tli« booadaxy oanditloiia (5.2«6), 
PRyF <?y THE Tt(^EK% Tfm rapaatad ^pliaation of aaci4>a.D^ proTldaa 
14 An%^) <--"-"^ • 0? Tf«a|-^ 
-^» 1- -^ ) . . . (5 .2 .25) 
"i »1 
a!ia»« Bj^  - p^*. . .* p p Vj^  - qx**-"*^ qj^  and m^ " P X * - * * ^1 
(1 « l , « . . , «) with a^ " \ " a^ " i . 
(95 ) 
now (5.5.25), t©g»th»r with (5.2.23) aai (5.2.24),provlflM 
- , ^ » l ' l ' i J - ^ . ^ P l " ! ' 1 ^ i j »l-l ' l - l "l-l 
1«2 ] 
or 
• v t ^ i > ' ^ . e \ • / ' M _»* ^ • ^ ' ' 
„fi>ioj!.) < \ . r \ .> ' 'c <.^  »'i ' i " ' r * » ! ^-^ •!-• -i«2 
or 
?hl« eonclttdoii th« ^xoof of tho tbooxoa, 
5.5 mxnm .Q^I^MXCaS^Lm* I& tht^ ••otioA, «» adopt anotHor 
prooodeso a<aln evlQg tha for« (5.2.3). #• im-wrlto (^ ,^2.3) «« 
( 96 ) 
^ ^ S*^ « • *^ » "* ^ '^•*^«'^ » » * C2,3«... ) b* a fi#ctt«nc« of 
fuastioiifi of P|*»t Q^ 'w an* J^ l*« (^  " l t . . . » «) frntlpfying tbo 
following Mt of wcletfli ; 
funetioQ of ItP implablo*. 
i2Uaai-^2 • *%»• ^^^l^'-'^Pii' l^»»««»*im» ^i*»*»* JP^ ) i» contlacouii 
with rofrpoot to i t f az^tMonts. 
ft ^ # 
, « + i ^ v * » ^ i - i » **i|» **i2» Pin'»'*»J*!a» ^i»«**»<ii-i» 
- ^Cc!"*") • <"«.r "M' ['I'i '1 i^.2<-5?-^' 
*^ i *^ i ^i T^ ^ p^ pj q^ <i| 
»1, *i2 ^ 
'1 'i •* 
for oT^iy **i^ * '^i^  " Pi > «• ''i "^  ^1- " *li ^ ® **** "ti'*" L» "' i ^ •• 
''•hiii iff II goaoraliMd branohia,^ proporty, 
arn" 
( 97 ) 
. I 1 B%.2 <^ « 0.- I, o; I . I ) - I . 
SMM&* *5o'"ic« that only th« axioo^ln *11'^ ««* ?w>® -^ 2 *^ **'* *** 
th^ow) 5 ,2 .1 , 
To fas 11 it at* th« proof bolew «• f lrf«t gVm f«« \«»ta« ; 
tt n 
^ilft> '?,?.U If Uj ^ o, ^ »j • Pi > Of • j i «• -^ Vj • Ql > o 
& 
«n« W4 i o, '^  w. • Tt > 0 (j • l t . . . » n) tr.ott 
-I 
, , (P;O;H) .(^,^,. n, f [p« qi^ 4-^ J4 ( ^ !a ; 
»i Pi 
-*f . . . . •*» A . . . • •«) f* Q ] . . . . (^ .3 .1 ) 
**1 ''l *'l ^'l 
(98 ) 
|fl|00f> fhm proof i« hj induetioo. For n « 2, tho romilt i« otovleoo, 
I#t It !}• truo for n • t , #o provo that It Is tmo for a • t+l, 
Bjr rtpeatod application of po«tDl«t««£^ «• nmr writo 
ft 0 / 
' i n - — '^ .^  - J^i. ^^ •^ '«>* - -^^—• [Pi QJ- >fr^. 
• Pi Pi «i H r^ ^i 
\ , r %,e *>! Pi *ii **i i^ ' i 
— ^ ^ ) ] . . . (5 ,3.2) 
w w 
Qj^  > o «n« w • #2 • . . . • »^ ^^  , wj^ * w " rj^  > o. 
Mi^ ltt ttw ^i^li^atioA of «iioa«£- giir»« 
( 99 ) 
V P-« W .flKP 
**^** Pi Pi «Ji « ! 1?! » l •'^  • P i H ^i 
Pi <ll ' 1 '^  *»•' tt O • • 
^ JUL. ^ ¥ 1 
. . . ( 5 . 3 . 3 ) 
Pttt & * > e * X a i i « « - s - l , In (5 .3 .5) to g«t 
^ i Pi *^ i H ' i ' 1 Pi 1^ 1 H 
• ii-O W « ^ ^ 
^ ; !l,.... J i l i . )•.(!.)«( 1)'"* ( L) «2 
91 Pi Qi 3?! ^ ^ ' ^ « 
" • • ' ^ • f —^t . • • f — '"- " t J^J^ f . . . t •urn" " ' • / 
o • 
. . . ( 5 , 3 . 4 ) 
• . • . t 
^ ^ • * Pi Pi qi q i r i » i * ^ ' * * l Pi p^ Q^  
! i a . ; i Ji2i). ( L ) M r ( L)^ 
qi Ti Ti Pi Qi r i 
" i l l . \ ^ t * i . 'a •%•! \ 
. . . ( 5 . 3 . 5 ) 
( 10'^  ) 
flty^ »mA ^A 
th« r»0iftt (5.5*1) 1P •aiilly arrWfta. 
mx^5.3.2. If ttj^ki*»• J^ «iic-Pf' i^k^<»• J j ^ i k • <Ji ><» 
'ik -* **• fc^i "Ik -^ l 
* ' l , i i ^ ^ n . . * % ^•u***^' **liij^ »*»*» Sl»«-«» %o^* ^U»»-» ^la,^  ••••' 
•nit.... T ^ ; wix'*'-' "i.^'**-* *«i ••••• %i^ ) - lug «CP;O;H) • 
M^ . ^U "'l "U "*1 
.«-4» ; « . « , , , , - « * • ; «K«—, , , , . ^ '—*•'•* ) M«,n 1» . • • (5 .3 .6) 
^l ^i ^1 »i J^ l ^'^ ^ 
iMSSSL* 7te proof follow* on tho lintii of tb* proof of pntvloeo 
l!il 5.3«3« Xot n,r anA o bo th« ponltlvt intm^e^rfi iraeh that 
1 1 n i r.a. If 
^^ (a;i.;*) - |8|^^ ( J \i J | ; J , . . , , | ) ...(5.3.7) 
tlioa 
( loi ) 
6 g 5 0 **»^  ^•^ ^ 
n 1-5 d-© e«& 1 « 
{•f (iiiri.) 1^^, . « « b J^Ci«f.-«) ri^ Q^ ] . . . . (5 .3.8) 
a 
•l^^ • ^/•'» 'li '^A • "ik " '^^ *'» ' l • ^ ^ ( i '^t . . . t» f lE-l,...»n)f 
ilitr* a, Tf b ftiid « mx9 potititv Inttgerg uttoh that 1 Ji n 1 Vt* 
and I i n 1 a,b, in (5.3.6) and usloi!; (5.3.7) it i» not diffieult 
•o «»t (5.3.8). 
'%]i««Ttr, qnanttisr in n and fB« r and a»and • and b laipliaff 
; • ! im; m; ift») - ^ | imnuh {\^^ ^^f [ n "* / ' '^ / " " 
«•! (ii;a;b) \ ^ p - n r • ^J (•; ai b) ^^ ^^  ] . . . , (5 .3.9) 
!teaB« tb« Uma 5.3.3. 
imS4 5.3.4. If 
?^| (mr.-a) - («a,p-%0> [ M < i^».-«> « « , r s ^ (»'.^.'«) XBI 
. . . ( 5 . 3 . 1 0 ) 
than 
- « -I l-a o-p Mt 
l^ ( njri • ) - i|\^ ^^  ( n r a - I ) . . . (5 .3 .U) 
and 
% t 1 ^"^ ^^^ 8-6 
*•* (nWa) - ii;;^ (n r • -I ) . . , . (5.3.12) 
( 102 ) 
ynoof. stibatlttttlf^ • • • • b • I (of. po«tBlat««E^) In (5.3.8) 
•• S«t (5,3.l"5). ^^ow ©©mparlttg (^.3.8) aaA (5.3.9),anA utilialog 
(5,3.lO), m s«t 
«^^p[f*f (•;«;b) a-ii r • )• « ^ (a.-»i»)(« ft b -I) ] -
_ . i ^ &^ 0 ^ « , / i«6 s«e e.& 
^.8 I *4 <«i»'^ ^^ -^ » ^ • >*6*8<« * ^ -^>]-
. . .(5.3.13) 
fakiBK H'H l^ and b » 2 la (5.3.13) fov all a»rf 5* 8 > o oa« baa 
\m& 6^ 8«»6 
''ft^ d P -^* ' • ^ *J4 ^^i'i'^ \% ] • ^^ "^ ^ ...(5.3.14) 
(sinoa J#J (1; I; 2) • ^ij a; i ;2) • l ) . Thin f o r a « l a i i « r - i > - 2 
gifat M " e (••• axio»-£^). Tha fuBottians (5.3.11) aad (5.3.12) ava 
ftttalMA fi*en tb« laft ana rlglit aii!i^i*a of (5.3.14)t xai^aotlTnly. 
WSM 5.3.5. » al' S (P >< 8) ahanavor >. - 8(a • <?>)• tfeaa 
. f t -1 l-« «..0 p-« 1-6 5-8 0-^ 
^ 1 (a;r;«) - (\^^-«^^^) (n r • - a r • ). ...(5.3.15) 
Proof dlmotljr follawn ffaa (5.3.1'>) togathar with aqtatloao 
(5.3.11) and (5.3.12). 
gRQQF qy i^JE THE)!^ M- f« pxavo tba thaoian for rationale ana thaa 
(105 ) 
tilt ooAtinoity axioa •xtsnAii th» iwattlt for vtalii, ?ov thlp l«t 
A» x.f ^1^ and s^( 1 * l»*. . t a) ^9 pomiH^ iiit«g«7« •atlsfriag 
.^ . . . . . . > , . . . . . » - . . • V . ,. - ..V V../ . . 
• a 
^lAmv 2: jTi "* r end £ »« " St tb«n tlit i^plioation of (5.3«6) 
^0,« ^ 1 ••'•• %* ? ••••» f» 1 ••••• i K V » ^^ •'^ •^ '^*^  Xr%®^ • 
^ -©-6 -*-^ 1,^ 1 I I 1 1 
i n * * * ®^«" «j^ X^ / ^ JTjL " l ' l 
irtilch la •!•» of (5,3«7) beooooo 
U <•«'.••) • l«^\, (^ •<>^ '«)^  <«.,.r«».,)"*[| P! « r rf-". 
•AP / . f. • . t >• _ ? _» .»-» 
or 
1*1 ^v^v^iK.rX *** «i"* ' 5 ^ »•« ^i^niH^ %.e ] . ...(5.3.16) 
Flnrilljr, tbo applloatloiuiof (5.3.U), (5.5.12) wid (5.5.15) la 
(5.5.16) yloia 
( 104 ) 
^ „ -I l-« a-jl r-« 1-6 6-e 0*.5 
- (\.r %.e>''[,l 1^ r^" 4-^ ^ c«i- ^ -^  .r-^> 
? «^ «^* »^ -^^  r*l-« .^-® . ^ S 1 ^ n 
0 1 " 
^ „ - i i -« «-^ pb« i*e 6«© 0.6 
i«a * i n •^\ ,r%,0> L ^^ Pi 1^ * i ^ *i ^ H "J^ Pi *»i ^^1 " 
*i 1^ "i • i^ 1^ '1 ^i " Pi **i "^1 n 
or 
„ Q - I l -o «-P P-« 1-6 6-0 8-6 
|IS^,(P;Q;R)-(ii«^^:-»«5,e) (n r • - a r • ) 
-4 _ l -« «-{? 4 ^ 1-6 6-« 0-6 
-^\»?-%©^ C^" ' • - » r • ) 
• ^ ^ <P1 '^ l *1 - Pi *»1 »1 > J* 
?lil» on filaipllfloatioii ti«)ll«« ' l ^ ^(?;Q;R) ^Ig ^(P,Q»R), whleh 
WAS t o b o O o W M l t r A t o A , 
5.4 ggai^  yaraaUJ^  Q4gS^  g. glTSinSST.. m <m oarllor onmolotloat fro* 
(5.1.1) wo got (5.2.1) ohon . ?urth«F for « - I , (5.2.1) rtdeooo 
to tho lafora&tlon laprovoaont ntaoero 
( 105 ) 
0tttdi«d by fMV^ mX antlionit ©.g. |^ i«iiipp*a ASA Hafthl* (1972) •%©. 
?eF**«f», J l [ ^ CP|Q»I?) h«i» th« ban!* (1.5.2) In tb« llaitln^ oant 
irh«a p t«aA8 to unity. 
Ineid«ntAlly, If tb« original and roTlntd prodletiona 6o not 
differ and |J • © • I , t!i«n (5.1.X> glvta 
utiloli la tba gooatmllMitlon of Sbaaaon** oonvantlonal iMamvt atudlad 
Iqr !?liama and Tanaja (1977). Aloo 
him l^^^ (^^ ' l^M " ^ ^ P l ^ « P j , ( a > o , | ' l ) 
which la B'-log antivpy (aaa Sharaa and Husaja). "brtoTer* * ] ^ (p) 
la tbt ?;hannon*0 darivatlon ahaa « • I. 
Further for 5 • I , (5.4.1) «!••* rlaa to 
; i i , , (F) - (2'"' . i ) ' \ j ^ p« .1 ) , (« > o : ^ I ) 
tha BaTTda and ahar«at*a antropy of ty .-«» vary raoantly oharaotarlatd 
by leaoaoal (1981). 
A P P B R D IX 
m Willi to haT« ib« i n f t s n of (2.2«7) M^joot «o the ooaaitlOB 
• 
q^  > o« £ Q< " !• This lm»lio« that It la r«i|alr«4 to find out 
th» w a i » » of £ p^ qvR-l)/R ti&jeot to tlio oonAltion q^ > o, 
i: Qi • I for all H( > o ) ^ 1. To achiovo thi»i, by Lagrarigt*ip 
i"X 
multipllor toohaiqnoi vm havo 
R « (IWI)A « 
^ • .—. i: pt q, - X ( £ q* - l)# (H > o; J* I ) 
n-i i - i * ^ 1-a ^ 
fihoM X la th« Lag]*ftngo*a milt lpl l tr . Now 
8^  . l /H 
-— " P l Q l - X " o ( l « l , . . o «)• 
oq^ 
?hla glvta 
pj - <iiX , ( R > o ; >«i ). .,,(A^) 
Adding (A^) thiroogli I to a no got 
a R - R^ 
^ j ^ p j - x % ( ^ >o ; i« i ) . . . .(A^) 
%ttli^ (A )^ in (A^) «a arrlTo at 
( n ) 
or 
pi <»i • < j ^ P i ) 
or 
Pi^i - q* ( ^ Pi ) , ( R > 0 : j< I ) . 
Now oiiiHilaii; 1 to a, obtftln 
( R - l ) A . ( 1 .R y ^ 2 Pi^r*^''" - U pj ) . (H > o; /«I) . ...(A3) 
Finally, put (A )^ In (2,2.7) to j?:ot tho ti^rtsfiioo ae dooorlbod In 
(1.2.22). 
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